HOMEWORK 3

SHUANGLIN SHAO

ABSTRACT. Please send me an email if you find mistakes. Thanks.

1. P76. # 11.2

Proof. (a).

as, = 1, constant

1
b, = —, decreasing
n

¢n = n?, increasing
6n +4 d .
n = ——, decreasing
n —3’

(b). For each subsequence above, the sub-sequential limits are correspond-
ingly

{1,-1},

{0},

{oo},

)

(c). For each subsequence above, the lim sup and the lim inf are corre-
spondingly
1, -1,
1,0,
00,1,
57
36

(d). The sequences {by},{d,} converge. However, {c,} diverges to cc.
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(e). The sequences {a,}, {b,},{d,} are bounded.

2. P76. # 11.3

The proof is skipped.

3. P77. # 11.6

Proof. Suppose that {an, }r>1 is a subsequence of {a,}; {an,,} is a subse-
quence of ap,. Then the index ny; satisfies,

Ny < Mgy < -+ < Mgy < -+

and also
Nk > 7.

From the definition of subsequences, {an,} is a subsequence of a,. O

4. P78. # 11.11

Proof. If sup S is in S, then we denote s, = sup S for all n. Then it is a
constant sequence.
If sup S is not in S, then for € = 1, there exists s; € S such that
supS —1 < sp <supS.
For € = min{sup S — s1, 5}, there exists so € S such that
sup S — € < s3 < supS.
This proves
s1 <supS —e€ < s9,i.€.,81 < Sa.
Supppose that s1,s9,- -+, s, are chosen such that
§1< 89 << S,
and

1
supS — - <sj;<supS,1 <5< n.
J

Then for € = min{sup S — sy, n%rl}, there exists s,4+1 such that

Sup S — € < Spy1 < sup S,
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which yields,

1
Sp < Spitl, SUPS — Y < Sp41 < sup S.
Therefore we see that there exists an increasing sequence {s,} which con-
verges to sup S. (]

5. P104. # 14.1

Proof. (a), (b),(c), converge by ratio test because the limits

a 1 1
lim L = —, 0, =, respectively.
n—oo Oy, 2 3

(d) diverges by ratio test because
lim dnt1

n—00 (U

=00 > 1.

(e) converges absolutely by the comparison test, as \CO;#] < n—lz

For (f), for n > 10,

1

logn <n, —— > —.

logn = n
By the comparison test, the series diverges because the harmonic series
diverges. O

6. P104. # 14.2

Proof. For (a), for n > 10,

n—1n/2 n—1_ 1
5 >

n?2 n?2’ n? 2n’
By the comparison test, the series diverges because the harmonic series
diverges.

(b) diverges because the limit of {a, = (—1)"} does not converge to zero.

(c) converges by the comparison test as
3n < 3

n3 — n2’

(d), (e), (g) converge by the ration test. The limits are,

—_

. Ap+41
lim 4 —

n—oo Oy, B 3

,0
3

1 .
' respectively.



(f) converges by the root test as

1
limsup {/ — =0 < 1.
n

O
7. P104. # 14.5
Proof. Denote the partial sums of > a, and > b, are
n n
An = an,By=> bn.
k=1 k=1
It is known that
lim A, = A, lim B, = B.
n—oo n—oo
Therefore
lim (A, + B,) = A+ B.
n—oo
This proves that
5 (o) = Yt Y
n—oo
The claim in (b) is proven similarly.
For (c), this is not a reasonable conjecture. In general, it fails. Let a, =
by = £, Then
1
anb, = —.
n
However Y 2 | 1n is a harmonic series and so diverges.
For a,, = b,, = %,
1 1
anbn:—4<—2, for n > 2.
n n
Therefore in this case although both sides converge, > anb, < > an Y. by.
O

8. P104. # 14.6

Proof. (a). {b,} is a bounded sequence, there exists M > 0 such that
|bn] < M

for all n. Then
|anbn| < May).

Hence by the comparison test, the series Y anb, converges absolutely.
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(b). Let b, = 1 for all n. Then Corollary 14.7 is a special case of this

claim in (a).

9. P105. # 14.12

Proof. Let by = inf{|ay,| : n > N}. Then

liminf |a,| = ]\}im by = 0.
—00

For € = 1, there exists K7 such that for N > K,
by = inf{lap| :n > N} < 1.
Fix some N. For € = 1, there exists n; > N,

lan,| < by +1<2.
For € = %, there exists Ky > nq such that for N > K,
1
by = inf{lan| :n > N} < 7

Fix some N. For € = 1, there exists ng > N,

\am] <by+1<1.

Suppose that a,,, - ,an, are chosen such that
2
|anj‘ = 27

for 1 <j <k, and
ny <ng < - Np.

For e = Qk%, there exists K11 such that for N > Kj 4,
. 1
by = inf{|ay| :n > N} < SR
Fix some N. For € = 1, there exists ng41 > N,

Thus a subsequence a,, are chosen such that
2

Therefore by the comparison test, ), an, converges absolutely.
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10. P105. #14.13

The proof follows from the hint, and so it is skipped.

11. P105. # 14.14

Proof. We observe that for ok < p < k+1 1, where k € N,
1

= W'

We denote the partial sums of Z% by sp.

Qn

Therefore we have

2N 1

1, 1 N 1 N+1
Dozl 2x m P x g 42V =
n=1
This proves that the partial sums S,~v_; diverges. On other hand, for any
n > 2, there exists IV such that

oV <y < 2N+,
So

N+1
Sn > SoN > SoN_q1 >

5
This proves that s, diverges, too. ([
12. P109. # 15.1
Proof. (a) converges because of the alternating series test. (b) diverges
because of the ratio test. O

13. P109. #15.2

Proof. (a) diverges: For n = 6k, then

(sin ") = (1o — 1.

(b) diverges by the same reason.



14. P109. # 15.3

Proof. This follows from the integral test:

> 1 * 1
/ b G- / Lt < 0.
10 z(logz)? log 10 tP

15. P109. # 15.6

Proof. (a). an, = 1.

(b). Ifa, >0 and ) a, is convergent, lima, = 0. Then there exists
M > 0 such that
anp < M.

By the proof of Ex. 14.6, 3" a2 is convergent.

(c).
(="
v

Ay —

16. P109. #15.7

Proof. Firstly we prove that all a, > 0. Otherwsie, if ay < 0 for some N,
then because {a,} is decreasing,
an < an

for all n > N. Therefore lima,, < ay < 0. A contradiction.

By the Cauchy criterion, for any € > 0, there exists N € N such that for any
m>n>N,
|$m — sn| < €.
For m = 2n,
Ap+1 + apg2 + - +agy < e
This implies that
nasn < €.

Therefore na, < 2¢ for even n. Similarly we can prove that for odd n,
na, < 2€.

Therefore lim,, na,, = 0.
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