HOMEWORK 5

SHUANGLIN SHAO

ABSTRACT. Please send me an email if you find mistakes. Thanks.

1. P151. # 19.1

Proof. (a). (b). The function is uniformly continuous on [0, 7] by Theorem
19.2 because it is continuous on [0, 7].

(c). This function is uniformly continuous on (0, 1) by Theorem 19.5 because
it can be extended to be a continuous function on [0, 1]. The extension still

takes the same form as .
(d).  f is not uniformly continuous on R: We choose z,, = n + % and
Yn = n, then

1
|Trn, — yn| = — — 0 as n — oo.
n

However,
3_.3
xn—yn:3n(n+ﬁ) X — >n
(e). [ is not uniformly continuous on (0,1]: We choose z, = + and
Yn = %, then
1
|z, —yn| = — — 0 as n — co.
2n

However,
23 — 43| = |n® — 8n®| = 3.
(f). f is not uniformly continuous on (0, 1] because f can not extend to a

continuous function on [0, 1]. For x, = —=— and y, = ————
V2nm n \/2mr+7r/2’

f(xn) = 0, but f(y,) — 1.
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(g). f is a uniformly continuous function on (0, 1] because f can be
extended to be a continuous function on [0, 1]. Define g to be

z2sint,  for (0,1],
g(w)Z{ v -1

0, for x = 0.

The function g is continuous on (0, 1]; however it is also continuous at = = 0
because

1
0 < |2z%sin —| < 2%
T

So g is a continuous function on [0, 1]. O

2. P151. # 19.2

Proof. (a). For € > 0, there exists 6 = § such that for [z —y| <4,

If(z) — f(y)| = 3|z —y| < 30 =e.

This proves that f is a uniformly continuous function on R.

(b). For f(z) =% on [0,3]: for any € > 0, there exists § = £, such that
for |z —y| < 9,

22 — % = (z + y)|z — y| < 6|z —y|

because 0 < x,y < 3. Then
|22 —y?| < 6lz —y| = €.

So f is a uniformly continuous function on [0, 3]. O

3. P151. # 19.3

Proof. (a). For any € > 0, there exists § = ¢, such that for any |z —y| < 0,

oz y _ lz—yl B
If(z)—f(y)l—lxﬂ—yﬂl—(xH)(yH)élx Yl

because 0 < z,y < 2. so

|f(x) = f(y)| <e

This proves that f is a uniformly continuous function on [0, 2]. O
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4. P151. # 19.4

Proof. (a). We prove it by contradiction. Suppose that f is not bounded.
Then f may not be bounded above or f may not be bounded below. Suppose
that f is not bounded above. For any n € N, there exists x,, € 5,

f(zyn) > n.

Since {x,} is bounded, by the Bolzano-Weierstrass theorem, there exists a
subsequence {zy, } of ,, such that x,, converges. Then {z,, } is a Cauchy.
Therefore f(zy,) is Cauchy, too, because f is a uniformly continuous func-
tion. Therefore limy_,o f(xy, ) exists. So {f(xy,)} is bounded. However by
assumption,

f(@n,) > ng, and ng — 0o, as k — oo.

which proves that f(x,,) is not bounded. A contradiction.

(b). If it is uniformly continuous, then f is bounded on (0,1). However,
for x,, = %,

1
flan) = — = n? — oo.
xn

It is not bounded. Therefore it is not uniformly continuous.

5. P152. # 19.6

Proof. (a). We compute f'(z) = ﬁ Then f’(x) is not bounded on (0, 1].
However f is uniformly continuous on (0, 1]. We observe that for z,y € (0, 1],

Vz =yl < Vl|x =yl

This can be proven, if x > y,

VI < VT —y+ /Y.
and if x <y,

VY < Vy—a+ Ve
Then the inequality holds. For any € > 0, we take § = €2, then for |[z—y| < J,

Ve —yl < Vlz -yl <e

This proves that \/x is uniformly continuous on (0, 1].

(b). The proof in part (a) applies in this case, too. O
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6. P152. # 19.7

Proof. (a). 1If k = 0, then the claim is proven. Suppose that k£ > 0. We
know that f is uniformly continuous on [k,o0): for any € > 0, there exists
91 > 0 such that for |z — y| < d1,

[f(z) = fly)| <e

Also f is continuous on [0, 2k] and so is uniformly continuous on [0, 2k]: for
the same € > 0, there exists do > 0 such that for |x — y| < d2,

[f(z) = F(y)l <e

Then we claim that f is uniformly continuous on [0, c0). For the same € > 0,
we take 0 < min{k,dy,d2}, then if |z — y| < 4,

[f(z) = F(y)l <e

This is because |z — y| < ¢ implies two cases, if 2 € [0, k], then since § < k,
x,y € [0,2k]. We can apply uniform continuity of f on [0, 2k]. If x € [2k, c0),
then since 6 < k, x,y € [k,00). Then we can apply the uniform continuity
of fon [k,00). If x € (k,2k), then we since |z — y| < k, then either z,y are
in [0, 2k] or in [k, 00). Therefore f is uniformly continuous on [k, 00).

(b). By Ex. 19.6 and part (a), f = \/x is uniformly continuous on
[0, 00). O

7. P152. #19.9

Proof. (a). f is continuous when x # 0. When x = 0,
1
|z sin —| < |z|.
x
So it is also continuous at z = 0. So it is continuous on R.

(b). Yes. f is uniformly continuous on any bounded subset of R. Indeed,
any bounded subset is contained in a closed and bounded interval, [—M, M],
for some M > 0. Since f is uniformly continuous on [—M, M|, f is uniformly
continuous on the bounded subset.

(c). Yes. Firstly we prove that
|sinz —siny| < |z — y|.

This is easily proven by using the mean value theorem, since sin’ z = cosz
and | cosz| < 1.
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Secondly, we prove that f is uniformly continuous on the interval |z| > 10.
We write

|xsin1 ysin1] |(z y)sinl y(sinl i 1)]<] |[+] ‘|x—y| < H
—— —| = |(z— —— ——sin —)| < |z—y|+y < —
x y x z oy jzlly] — 10

lz—yl.

For any e > 0, there exists § < %e such that for any |z —y| < 4,

11
< =

@) = 1) £ 35

|z —y| <e.

Therefore f is uniformly continuous on |z| > 10. By part (b), f is uniformly
continuous on [—10,10]. Hence by Ex.19.7, f is uniformly continuous on
R. O

8. P162. # 20.1

Proof.

lim f(z) =1; lim f(z) =1; lim f(z) =-1; lim f(z)=1.

T—r00

However lim,_,o f(x) does not exist because the left-hand limit and the right
hand limit are not equal. ([

9. P162. # 20.2

Proof.

i e o ok e
Jim f(z) =oc; lim f(z) =0; lim f(z) =0; lim f(z)=—oc

However lim,_,o f(z) = 0 because the left-hand limit and the right hand
limit exist and are equal. O

10. P162. # 20.5

Proof. We can rewrite f,

f(x):{l’ for x > 0,

—1, forx <O.

Therefore the limits in Ex. 20.1 hold. |
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11. P162. #20.6

Proof. Since f(x) = %, we see that

|f ()] < 2.
So

Jim f(z) =0; lim f(z) =0.

However, f also satisfies
|f(z)] = 2?.
This proves that

lim f(x) =o00; lim f(z)= —o0.

T—r00 T—r—00

12. P162. # 20.11

Proof. (a).

2 _ 2 _
lim 2 =% — 1im w = lim(z + a) = 2a.
r—a I — Q r—a xr—a Tr—a

(b). Since z — b= (v + Vb)(vx — Vb),

limﬂzlim 1 = 1 .
s—b T —b v=b /T 4+vVb  2Vb

Similarly in (c), limg_, % = 3a2.

13. P163. # 20.12

Proof. (a).
g, () = 00 g Jlw) = oo; Ty, J(e) = 005 fip Sz = e

(b). They do not exist. Even though at 2,
lim f(z) =00 = lim f(z),

r—24 r—2

the limit does not exist at 2 since the limit value is co.
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14. P163. # 20.16

Proof. (a). We prove it by contradiction. Suppose that L; > Lg. Take

€= % For this €, lim, 44 f1(x) = L; implies that there exists §; < b*T“,

such that for a <z < a+ 61 < b,
‘fl({B) — Ll‘ < €.
This implies

L L
fl(ac)>L1—e:g,fora<m<a+51.

2
The limit limy, 44 fo(z) = Lo implies that there exists dy < b_?a such that
fora < x < a4+ d9 < b,

|fa(z) — La| <e.
This implies,

L L
f2($)<L2+6:%, for a < x < a+ 09.

Therefore for a < = < a + min{dy, d2},

fale) < EE2 < ),

A contradiction. This proves that L < Lo.
(b).No. An example, fi(x) =sinz and fa(z) = x for = € (0,7/2). Then we
know that sinx < x. But

lim sinz =0; lim z = 0.
z—0+ z—0+

15. P163. # 20.17

Proof. Given € > 0. The limit lim,_+ fi(x) = L implies that there exists
0<éy <a+b_7a, such that for a < x < a+ 61 < b,

[fi(@) = La| <.
This implies
L—e< fi(x) < L+e,,fora<z<a+d.

The limit limg_,4+ f3(x) = L implies that there exists 0 < ; < a+ b_Ta that
fora < x < a4+ dy < b,

|fa(x) — L| <e.
This implies,

L—e< fs(x) < L+e fora<z<a+ ds.
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Therefore for a < x < a + min{dy, d2},
L—e< fi(z) < folz) < f3(x) < L+,
i.e., |fa(x) — L| < e. This proves that
lim f(z) = L.

r—a+

16. P163. # 20.20

Proof. (a). We first discuss the case where —oo < Lg < oo. The limit
lim, ,,s fi(z) = oo implies, for any M > 0, there exists d; > 0 such that for
O<|r—al]<d andz €S,

fl(ZL') > M — (L2 — 1).

Since lim,_, s fo(x) = Lo, for € = 1, there exists d3 > 0 such that for
O<|r—al]<drandz €S,

|[f2(2) = La| <ee,
ie.,
L2—1<f2($) < Lo+ 1.
Then for 0 < |z — a] < min{d;,d2} and = € S,
fi(z) + fa(x) > M — (La — 1) + (Le — 1) = M.

This proves that lim, ,,s fi(z) + f2(z) = oo. The case where Ly = oo is
similar.

(b). We first discuss the case where —oo < Lo < oc.

Since lim,_,,s fa(x) = Lo, for ¢ = %, there exists 6 > 0 such that for
O0<|z—a|]<dyand xz €S,
| fa(z) = La| <e¢,
i.e.,
% < fa(x) < 3L

The limit lim,_,,s fi(z) = oo implies, for any M > 0, there exists §; > 0
such that for 0 < [z —a| < 07 and = € 5,

M
fl(.T) > m
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Then for 0 < |z — a| < min{d,d2} and = € S,
M Lo
22w

This proves that lim,_,,s fi(z)f2(z) = co. The case where Ly = oo is similar.
(c). This is similar to part (b).

(d).It can be any positive real number. Let a > 0 € R.

lim =o0; lim z—1=0.
=1+ x —1 r—1+
But
lim X (x—1)=a.
z—=1+x — 1
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