HOMEWORK 6

SHUANGLIN SHAO

1. SECTION 4.1. # 2.

Proof. By using the solution formula,

o0

. nwr
u(x,t) = Z Cn sin ——
n=1
Let ¢ = 0. Then
> nwr
U(ZE, 0) = n sin T
n=1
By the expansion of ¢,
> nme T 2mx 3rx nmT
1= Z nSin—— =sin— + Agsin— + A3sin— +---+ A, sin — + - --
ot l l l l l
Therefore
Aoy, =0, forn=1,2,---
and 41 A
Ay 1= — = f —1.2....
T o =1 (2n—Dr orn=as
Hence
o
4 _Geno?x? o (2n— 1wz
u(z,t) = Zzzl (2n — 1)71-6 12 sin “————.
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2. SECTION 4.1. # 4.
Proof. Let
u(x,t) = X(x)T'(t).
Then
(T"(t) +rT'(t)) K(z) = X ()T ().
Hence
_T”(t)—i—rT’( ) X"(x)

AT X(z) A



Since X(0) = X(I) =0. So A > 0. Let A = 82 with 8 > 0. Then we have
the equation

X"(z) = =\X(z) = —3*X ()
which implies that
X (x) = Acos 8 + Bsin fz.
The boundary conditions u(0,t) = 0 = u(l,t) yields

™

A=0,B#0, ﬂn:"T,n:Lg’...
Therefore
Xp(x) = sin nlﬂ
We consider the equation
(1) T"(t) 4+ rT'(t) + B2 = 0.
Since 0 <r < 77,

(2) r? — <0, forany n=1,2,---

l2

Thus the quadratic equation z? + rz + ¢28, = 0 has no real roots. Let A,
be the non-real root in the complex number, then r — A, is another root,
which is different from A, because of (2). Hence the solution to (1) is

T, (t) = Ape’t + Bem=An)t,

To conclude, we have

u(z,t) = i (Ane)‘"t + Bne(’ﬂ*)‘")t) (in nlﬂ

—_
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This u is a solution to the system of equations provided that ¢ and v have
the following expansion

[e.9]

o(x) = Z(<4n + By,) sin ?,

Il
—
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(An)\n + B, (r — A\p)) sin 5

WE

P(x) =

n=1
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3. SECTION 4.1. # 6.

Proof. Let u(z,t) = X(x)T'(t). Then
tX(2)T'(t) = X" (2)T(t) + 2X (z)T(¢).
This implies

') . X"(2) +2X(2) _ )\ — constan
W X@) A tant.
Since X (0,t) = X (m,t) = 0, the equation
(3) X'(x) = =2+ N X(2)

gives
—(24+X)>0.

Let —(2 4 \) = 2 with 8 > 0. Then solving (3) with the boundary condi-
tions yields that

Bn=mn, Ay =—2-n% X,(z) =sinnz, n=1,2, -

Returning to the equation of ¢:

tr'(t) 2
() =24n".
We have
2 2
(log T(1)) = J;“ .

Integrating from 1 to t,
T(t) = Apt™ 2.

Therefore
u(z,t) = Z Wt 2 sinna.
n
Any finite combination of n satisfies that u(z,0) = 0. So there are an in-
finite number of solutions that satisfy the initial condition u(z,0) = 0. So
uniqueness fails for this equation.

O

4. SECTION 4.2. # 1.

We formulae a lemma by following the same analysis as in the end of Section
4.1.
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4.1. Lemma. Suppose that — X" = \X with the boundary conditions X (0) =
0,X'(l) =0. Then

A > 0.
This is true under different boundary conditions X'(0) =0 and X (1) = 0.

Proof. Case 1. Suppose that A = 2 with 8 > 0. Solving
—X"(x) = A\X(2),
we obtain
X(z) = Ccos fx + Dsin fz.
Thus
X'(x) = —CBsin Bz + D} cos Bz.
From the boundary conditions, we have
X(0)=C=0, and X'(I) = —CBsin 8l + DS cos Bl = 0.
Therefore
Dpcos 8l = 0.
This implies that
cos Bl = 0.
Hence -
Bl:nﬂ—i—E, n=12---

Case 2. Suppose that A = 0. We have

X(x)=Czx+ D.
Therefore from the boundary conditions X (0) = 0 and X'(I) = 0, we have
C=D=0.

This leads to a trivial solution u(z,t) = 0.

Case 3. Suppose that A < 0 or A is a complex number with a nonzero
imaginary part. The equation —X” = AX leads to that the characteristic
polynomial
24+ X=0.
Let 3 and —f3 be two roots of 22 + X\ = 0. Thus
X(z) = CeP* + De P2,
X'(z) = CBe’* — DBe P,
Therefore from the boundary conditions X (0) = 0 and X'(I) = 0, we have
C+ D=0, Cpe’" — DBe= P = 0.
Therefore
C=D=0.

This again leads to a trivial solution u(x,t) = 0. O
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Next we solve the exercise.

Proof. The system of linear equations:

u —kug, =0,0<z<,t>0,
(Ovt) =0,
(1,t) = 0.

Let u(z,t) = X (z)T(t)\ Then
X(2)T"(t) = kX" (2)T(t).
Thus divided by kX (x)T'(t) to both sides

T() _ X'() _
KT~ X(x) '

From Lemma 4.1, we know that A > 0. Let A\ = 2. Solving the two
equations

"(z) =-B2X(),

/(t) = _/82kT(t)v

X(z) = Ccosfz+ Dsinfz, T(t) = Ae Pt

we know that

By using the mixed boundary conditions, u(0,¢) = 0 implies that

X(0)T(t) =0.
To avoid the trivial solution u(z,t) = 0, we have X (0) = 0, hence
C=0.
This in turn implies that
D#0.

By uz(l,t) =0, we have
X' (T(t) = 0.

This implies that X'(I) = 0, which yields
cosfxr=0,= 3=

Therefore for n € Z,



Hence

u(e,t) =Y Pudysin Wl%)mﬂew
neZ
n=0
To simplify the notation, we have
u(z,t) = i A, sin (n—i_lé)m.ewél);ﬂ%7
n=0

where A,, is some constant. |

5. SECTION 4.2. # 2.

Proof. The system of linear equations:
up —kug, =0,0<z<I,t>0,
(0,t) =0,
(1,t) =0.
Let u(z,t) = X (z)T(t)\ Then
X(x)T'(t) = kX" (z)T(t).
Thus divided by kX (z)T'(t) to both sides

T _ X' _
ATt) X(z) ’

From Lemma 4.1, we know that A > 0. Let A = 2. Solving the two
equations
"(z) =-pX(2),
{f“(t) — —BKT(),
we know that

X (x) = Ccos Pz + Dsin fzx, T(t) = Acos fct + Bsin Sct.

By using the mixed boundary conditions, u,(0,t) = 0 implies that
X'(0)T(t) = 0.
To avoid the trivial solution u(x,t) = 0, we have X’(0) = 0, hence
D =0.

This in turn implies that
C #0.
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By u(l,t) = 0, we have

X()T(t) =0.
This implies that X () = 0, which, without loss of generality, yields
1
cosfBl=0,= (8 = W7n:0,1727...
Therefore for n =0,1,2,-- -,
(n+ %)mc

Xn(z) = Cy cos

(nt3)2nkt n+ 3)met
T,(t) = Ape™ §E + B,, sin (i)

Hence

S 1 et oot
u(x,t)zz OSWE Ancos(ThLi)Wc—i—anin(n+l2)7rC
n=0

where A,, B,, and C,, are some constants. O

6. SECTION 4.2. # 3.

Proof. The system of linear equations:
up —ikug, =0,0<z <, t>0,

z(ou t) - 07

l,t) =0,

where k is a real number.

Let u(z,t) = X(x)T'(t). Then
X(x)T'(t) = ik X" (x)T(t).
Thus divided by ikX (2)T'(t) to both sides
TG X'
ikT(t)  X(x) '

From Lemma 4.1, we know that A > 0. Let A = 2. Solving the two
equations

"(x) =-p*X(x),

'(t) = —iBPkT(1),

X (z) = Ccos Bz + Dsin Bz, T(t) = Ae *P°.
By using the mixed boundary conditions, u,(0,t) = 0 implies that

X'(0)T(¢) = 0.
7

we know that



To avoid the trivial solution u(x,t) = 0, we have X’(0) = 0, hence
D =0.

This in turn implies that
C #0.

By u(l,t) = 0, we have

X({)T(t)=0.
This implies that X () = 0, which, without loss of generality, yields
(n+3)w

cosBl=0,=pB=p0,= ;

,n=0,1,2-

We also have
.(n+%)27r2t

T.(t) = Ape Pt = Ape™t B2

Therefore .
o 1y2_2
(n+35)me _;(rt3)°",
u(z,t) = TLEZO Cn cos —— e iz

where A,, is some constant.

7. SECTION 4.3. # 1.

Proof. For the equation,

X" =-XX,A>0,\=p6%
Thus

X(x) = Ccos Bz + Dsin fx.
The boundary condition X (0) = 0 implies that
C =0.

On the other hand, X'(x) = D/ cos Sz implies that

Dpcos 8l + aD sin Bl = 0.

From the equation above,

tan 8l = —é.
a

We graph the two functions, y = tanlf and y = —g, to find that there are

B1, B2, -, Pk, -+ such that
(Qk — 1)7‘(’ km

— < < —.

o ==y

For each k, the eigenfunctions are

Xk(x) = Ak sin ,Bkl‘,
8



with the corresponding eigenfunctons are —5,3. ([

8. SECTION 4.3. # 2.

Proof. (a). We first prove one implication. Suppose that X”(0) = 0.
Then X (z) = aX + b. Thus

X'(z)=a,0< 2 <.

Hence the boundary conditions,
'(0) — apX(0) =0,
" +aX(l) =0.

— a()b = O,
+ai(al +b) =0.

(ao + a;)b = —apa;bl,

Thus we have

Hence

which implies that

(4) aop + a; = —agayl.

On the other hand, we suppose that the equation (4) holds:
(5) ap + a; = —apayl.

To verify that the equation
~X" =X

has the zero eigenvalue A\ = 0, we check that whether X”(x) = 0 has a
nonzero solution. To this end, it suffices to say that the coefficients of the
solution X (x) = ax +b, a, b, are not both zero. Indeed, for a # 0 and b # 0,
any function X (z) = ax 4+ b works in the sense that X" = 0 and it satisfies
the Robin boundary conditions at x = 0 and « = [. (]

9. SECTION 4.3. # 3.

Proof. Let A = —2. Then
X(x) = C coshyzx + Dsinhyz.

From the boundary conditions,

'(0) — apX(0) =0,
) —aX(l) =0,
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we have

{@ —aoC
~sinhyl + D~ coshvl) + a;(C coshyl + D sinh 1)
This implies that
(Cv 4+ a;D) sinh vl + (ap + a;)C cosh~l = 0.
Multiplied by -y, we have
(C+? + ajagC) sinh 4l + (ag + a;)yC cosh vl = 0.

So
(ap + ap)y

tanh~l = — .
7 72 + apay

The eigenfunctions are

X (z) = coshvyx + %0 sinh v
gl

10. SECTION 4.3. # 4.

Proof. We graph the following two functions:
~ (ao+ar)y
f(’}/) - ’YZ 4 aopa;
g(y) = tanh~l.
We look at the slopes of f and g.

f/(o):_a0+al l:
apay
tanh vl
"0)=11 =1.
g( ) 'yll)% ’)/l

=0.

under the condition that ap < 0,a; < 0 and —ag — a; < agayl. Since f/(0) <
g'(0), we see that there are two intersection points in the first quadrant.

This shows that there are two negative eigenvalues.
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