HOMEWORK 7

SHUANGLIN SHAO

1. P 139. Ex. 5.1.2

a). For j =0,1,--- ,n, we have

. 1
9:0ﬁ:1,and£<‘7+ .
n n n n

So this is a partition of the interval [0, 1].

b). Fora Pof [0,1], P={z; : 0<i<m,z; =0,z, =lLzp <z1 < -+ <
Zn}. The upper integral is

1
(U)/O f(z)dx = inf{U(f, P) : P is a partition of [0, 1]}.

For k € NU{0}. Let Py denote the collection of partitions of [0, 1] with &
points in (0,1). It is clear that each partition in Py is a refinement of a
partition in Px. Then by Remark 5.7,

inf U(f,P) < jnf U(f.P).

PePi41

Let uy = infpep, U(f, P). The sequence {ug}r>0 is decreasing. Moreover,
by Remark 5.8,

ur > L(f,{0,1}),1.e., uy is bounded below.

So by the monotone convergence theorem, u = limy_,, ur and v € R. It is
not hard to show that

1
w=(U) / (@) da.
0
Indeed, by definition of the upper integer,
1
(U)/ f(z)dr < u.
0

On the other hand, for any & > 0, there exists P € P,

1
U(f.P) < (U) /0 f(x)da + <.
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Since U(f, P) > ug, u < ( fo x)dx + €. This holds for any €, so

<) /0 f(@)de

Hence u = fo x)dz. Similarly, we can define Iy := suppep, L(f, P)
and show that {li} is increasing and bounded above. Let [ = limg_,q lx.

We then show that .
= L)/ f(z)dx.
0

Now we show that [ = u, i.e., f is integrable. By the assumption that
n—o0 n—o0
for any € > 0, there exists N € N such that for any n > N,

Iy —e<U(f,P,) < Iy +e,
Iy —e< L(f,P,) < Ip+e.

So
(1) U(f, Pn) < L(f, Pn) + 2e.
On the other hand, U(f, P,) > up > w and L(f, P,) <1, <, so

u <+ 2e.
So it implies that w < [. It is clear that | < u. So !l = u. So f is integrable.

Another proof is short without using the definition [ and u. By (1),
U(f, Pn) < L(f, Pn) + 2¢

By the definitions of lower and upper integrals,

1 1
U)/0 f(z)dz < (L)/0 f(z)dz + 2¢, for any € > 0.

So
1 :
0) [ s@e =) [ @y
o).
«). For f(z) = x, For the partition P,
M, (f)Az; =2 x% 7{2, (DAe, = ]n%l

So

w2 2n

ZMAx] Ej 1] n(n+1) n+1



Similarly

n—1
So X
/0 f(z)dz = E
B). For f(z) = a2,
2 1 ;2 i1 2
M;(f)Az; = # X = %;mj(f>A$j = (]713)
So
- i=13” 1)(2n +1 1)(2n +1
U(f, Py) = ZMJA%' _ Z]T;;J _n(n+ 6)n(3n+ ) _ (n+ ();7(1212—1- )
j=1
Similarly
_ (n—=1)n(2n —1)
L. Py = = nn 1)
So

/Olf(x)dx _ %

). For the function f, let z,, be the point in P, such that z,, is the first
number satisfying z, > % Then
L(f,P)=0x(zp,—1/2)+ (1 —x,) =1 —zy,.
and
U Pa) = 1% (e~ 1/2) + 1~ 20 = 5

Forn:Qk,xn:%:%.Forn:2k—l,xn:Tk_1. In any case,

lim,, o0 T, = % So

2. P139. Ex. 5.1.3

Proof. 1t is obvious that f is bounded. By 5.1.2(b), we need to show that
lim L(f,P,) = lim U(f,P,).
n—oo n—oo

Firstly,
L(f,P,) =0, for all n. So nh_}n;() L(f,P,) =0.

For for the upper integer (U) fol f(z)dz: for each n, we divide [0, 1] into n
sub-intervals {I; = [=1, £]}1<;<,. Now for any N € N, if n > N,

n ’n
1

< —.
- N

1
n

w



That is to say, the points {%, ﬁ, .-+ } are in the interval [0, %] The other

N —1 points {1, 3, , 5~} are in the interval [+, 1]. For any n > N,

5

1 Nfl n _1 1
0) [ fe)e < UG P - g gj 5

since M; <1 for each 1 < j < n. Let n — oo,

1
v) /0 Fladz < U(F, P <

Since N € N is arbitrary,
1
0) [ fads < U7 P =0,
0
This proves that f is integrable, and fol f(z)dx = 0.

Note that this proof makes use of Ex. 5.1.2. Another way is the following.
We show that, for any e > 0, there exists a partition P of [0, 1] such that,

U(f,P)—L(f,P)<e

For £ > 0, AN € N such that % < e/2. So for any n > N,
1
—<e /2.
Next we choose sufficiently small and disjoint closed intervals {I; } ! cen-

tered at ; 1 <j <N -1, such that

N-1

Jj=1

w\m

Let P be the partition contains the two points 0, % and the endpoints of
{1;}]55!. For P,

N—
U(f,P)—L(f,P —1><—+ZM |I|+0_N Z =e.
=1

On the other hand, for P,
L(f,P)=0.
So
U(f,P)—L(f,P)<e
So f is integrable. To compute fol f(z)dz,

1 1
/ f(@)da = (U) / f(x)da < U(f, P) < <.
0 0 A



That is to say,

/1 fz)dz < e.

This holds for any € > 0, which, together with fo x)dx > 0, shows that

/0 f(z)dz =

3. P139. Ex. 5.1.4

Proof. a). The function f is continuous at x¢ € [a,b] and f(xg) # 0; so |f]
is continuous at g and |f(x0)| > 0, say, |f(zo)| > € > 0 for some £ > 0. By
continuity of |f| at x¢, there exists § > 0 such that

|f(z)| >¢e/2, for x € [xg,z0 + J], or [z, 20 — 0]

Denote the interval by Is. and choose a partition P of [a,b]: I, and the
closed intervals I coming from [a,b] \ I5s. With respect to this partition,

)
) . N ‘
L(|f],P) = géﬁf(@”ﬂ g}?ﬁ; |f(x)|[15] > 0 9

/ flo da:>—>0
/abfcr)dx:

The converse direction follows from part (a).

So

b).If f =0 on [a,b],

c). If without absolute value, part (b) fails. For instance, choose f(z) = x
n [—1,1]. O

4. P139 Ex. 5.15.

Proof. If f(x) =0 for all x € [a, ],
/ f(z)dx =0, for all ¢ € [a,b].

Conversely, the proof is similar to the part (a) in the previous excise. If
f(xg) > 0 for some xg € [a,b]. By the continuity of f at xq,

f(z) >¢/2, for x € Is.
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Let Is = [xo,zo + d]. Then
x0+0 zo xo+9 x0+0 Se
o= [ swie= ["s@er [ s@ar =0 [ fwar= F >0

0 Zo

This is a contradiction. So f(x) =0 for all x € [a, b]. O

5. P139 Ex. 5.16

Proof. Let E := {z1,--- ,xzn}. E C [a,b]. f is integrable on [a,b]. For any
€ > 0, there exists a partition P such that

U(f,P)—L(f,P)§€/2

For each x;, we choose an interval [z;,x; + %] or [z; — %,xi], where n is
large such that these intervals are contained in [a,b]. Moreover, if setting
the bound of g to be M, then we choose n large enough that

N

Z% <e/2.

J=1

We add these endpoints of these intervals to the partition P, then it is a
refinement of P, which we denote by ). We have

On the other hand, since g = f on [a,b] \ E and @ is a partition of [a, b].

AR
U(9,Q) — L(9:Q) SU(£,Q) — L/, Q)+ Y~ — <ef2+¢/2=¢.

j=1
So g is integrable on [a, b].

Let the bound of f be M;. For any £ > 0, there exists a partition P such
that

(2)
b b
/f Ydx < U(f, P /f )dx+e, and / g(x)d:ngU(g,P)g/ g(z)dz+e.

On the other hand, from the previous reasoning, we choose intervals and n
large enough such that
i M + M1

After refining the partition P by @, we have
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The equation (2) of course holds when P is replaced by Q. So we have

b b
/ f(x)dr <U(f,Q) <U(g,Q) +¢ S/ g(x)dx + 2e.

b b
[ o)z -e<U6.Q) - <UGQ < [ fdo e

This implies that f; f(z)dx = f;g(x)dx. O

6. P140. Ex. 5.1.7

Proof. a).The key point in part (a) is the following two inequalities, for any
interval [ in [a, b],

sup (f(z) + g(z)) < sup f(x) + sup g(z).

zel zel zel
; . . '
inf (f(2) + g(x)) 2 inf f(2) + inf g(z)

We omit the proofs here.

b).We prove the first equation here. The proof for the second equation is
similar. For any € > 0, there exists a partition P such that

b
U(f,P)g(U)/ F(z)da +e.

Considering Q = PU{c} and splitting Q = Q1 UQ2, where @ is a partition
of [a,c] and Q3 is a partition of [c, b]. We have

U@ = V(@) U@ 2 @) [ s+ @) [ s
So
/  Ho)de 42 > (U) [tz | ' foyds,
holds for any ¢ > 0. This proves that
/  fa)de > ) [tz |  f(a)as

The reverse inequality is established similarly. O
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7. P141. EX. 5.1.9

Proof. The function f is integrable on [a,b]: for any £ > 0, there exists a
partition P such that

U(f,P)*L(f,P) §2\ﬁ5

On each sub-interval I from the partition P,

sup V(@) = inf v/ f(z) = /itél;f(fv) - /inf f(z)

_ SUpueg f(x) —infer f(x)
\/Super flz) + \/inf:pel f(z)
sup,er f(@) — infzer f(2)

2./c '

<

Then with respect to the same partition P,

U(\/},P) _L(\/?7P) <e.

So the function \/f is Riemann integrable. O

8. P150. Ex. 5.2.2

Proof. a). We prove it by contradiction. By continuity of f and the inter-
mediate value theorem, we may assume that f is either strictly positive, or
strictly negative. Suppose that we are in the first situation. By the extreme
value theorem, there exists xg such that

f(zo) = inf f(z)>0.
z€[a,b]

Then

-TO) (b"+1 _ an+1)

> 0.
n+1

/abf(x)xndx > /abf(ivo)xndl’ > f(zo) /abf(l’)dm i

This is because f(xg) > 0 and the function g(z) = 2"*! with n being even
is a strictly increasing function on R. Hence we have a contradiction. So
there is a point = € [a, b] such that f(z) = 0.

b). Take f(x) =1 and n =1, and [a,b] = [-1,1].

c).The same proof as the part (a). O



9. P151. Ex. 5.2.4

Proof. Fix x € [0,00). Define the following function ¢ : [0, 2] — R,

o(t) = / " fy)dy — / " )y,

By Theorem 5.26, ¢ is continuous on [a, b]. Also

T
o) = [ty = 0.
Since f(z) > 0 for all z, and e~*" < 1,

$(0) = /Ox eV fly)dy — /Ox f(y)dy < 0.

So by the intermediate value theorem, there exists ¢ € [0, z], which depends
on z such that

o(t) = 0.
That is to say,

/Ox eV f(y)dy = /f f(y)dy.

Let E(z) be the set of such ¢; it is clear that E(z) is bounded below by 0.
So inf F(x) exists, which is also unique. Define the function g mapping x to
g(z) = inf E(z). By the continuity of the integral [;* f(y)dy, we see that

/0 "y = [ f)dy.

g(@)

10. P151. EX. 5.2.5

Proof. The function f is integrable on [0, 1], then f is bounded, say, by M.
Then
1/n? M
n® f(zx)dx < n®— = Mn®"
0 n?
which goes to zero as a < f. O

11. P151. EX. 5.2.6

Proof. a).The integrability of f on [a,b] implies that f is bounded by M.
Because g, > 0,

|[f(@)gn| < Mgp.
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and fg, is also integrable on [a, b] by Corollary 5.23. We have

/ | @) gn(a)lda < M / ()

which goes to zero by hypothesis.

b). Let g,(z) = 2", then

1 1
n(x)dr =
/Og(x):z —

which goes to zero as n goes to infinity. Hence we can apply the result in
part (a). O

12. P151. Ex. 5.2.7
Proof. By Theorem 5.20,

)

Since F(z) = [ f(t)dt is continuous in z, in particular it is continuous at
x =b. So if fixing b and x,, — b, by sequential characterization of limits, we

have
Tn b
nh—>Holo/a :/a f(t)dt.

Tk41

e = / " @)

13. P151. EX. 5.2.8

Proof. The function f is continuous on [a, b, so is | f|. By the extreme value
theorem,

M = sup |f(z)] = f(xo)
x€la,b]

for some g € [a,b]. If M > 0, by the continuity of |f|, for any € > 0, there
exists a nondegenerae interval containing z in [a, b], which we denote by I,
such that, for any = € I,

M —e <|f(z)| < M.

From [? |f(@)Pde = [,|f@)Pda+ [,y 1 @)Pde > [, f(@)Pde,

b
[ 1s@pds = (01— ey
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On the other hand, it is clear that

/b |f(z)|Pdx < MP(b— a).
So the proof is complete f(z)r part (a).
b). From part (a), we have

1/
(M — )1V < ( / ’ |f<x>|pdx> "< Mo,

On the other hand, for any x > 0, Example 2.21 implies that for n € N, we

have lim,, oo $% = 1. Given any large p > 0 there exists n € N such that
n<p<n+1. So 21/P is between 21/" and 21/t Thus

lim 27 = 1.
pP—00

So let p — oo,

b 1/p
(M —¢) < lim (/ \f(x)\pda:) <M.
pP—00 a

This holds for any ¢ > 0. Hence the claim in part (b) follows. O

DEPARTMENT OF MATHEMATICS, KU, LAWRENCE, KS 66045

E-mail address: slshao@math.ku.edu

11


mailto:slshao@math.ku.edu

