HOMEWORK 8

SHUANGLIN SHAO

1. P 161. EX. 5.3.3

Proof. a). Let u = 2% + 1. du = 2zdx.

! 2 du 1 [? 1 [?
3 2 _ [ —
/0 x° f(x —l—l)d:r:—/1 (u—1)f(u) 5 —2/1 uf(u)du 2/1 f(u)du.
By hypothesis,

b). Let u = v/1 — 22. Then
du =

—X

V1—22’

and 22 = 1 — u°.

1

V3/2 23 )
/0 mf(\/l—:ﬂ)dw:/lﬂ(l—u ) f (u)du.

By hypothesis,
=3-7=—-4.

2. P161. Ex. 5.3.4

Proof. a). By integration by parts,

e/ B . e xdﬁ_ 2 e xdﬁ
| F@ogade = j@)ogali ~ [ 1@ = 1)~ [ @5 >0

X

b). By integration by parts,
1

/11 & (f(2)+f () dz = /01 e“”f(m)dx—i—/ol ¢ f'(z)dz = /01 e””f(m)dxjtemf(:r)hl)—/o ¢ f(2)dz = 0.

c). This follows from the integration by parts directly.
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3. P162. Ex. 5.3.5

Proof. In order to apply the first mean value theorem for integrals, we set
g(x) =1.

b b b
F(b)— f(a) = / f 6yt = / F(®g(t)dt = f'(zo) / g(t)dt = f(w0)(b—a).
]

4. P162. EX. 5.3.6

Proof. Let g(t) = oaf(f f(z)dz + Bftbf(x)dx for ¢ € (a,b). Then g(t) is
continuous on (a,b) and
g'(t) = af(t) = Bf(t) = (a—B)f().
On the other hand, g(t) = 0 for all ¢ € (a,b). So the condition @ # 8 implies
that
f(t)=0, for t € (a,b).

Hence by the continuity of f on [a,b], f(a) = 0 and f(b) = 0. Therefore
f(z) =0 for all z € [a,b)]. O

5. P163. EX. 5.3.9

Proof. The function f is continuously differentiable on [a,b], and 1 — 1 on
[a,b]. Then f~! exists and f~! is continuously differentiable. By Theorem
5.34,

1) -1 _ b —1 / _ b !
/f L= / S @) (w)dy = / uf (v)dy.

Then the equation follows from the integration by parts. ([

6. P163. Ex. 5.3.10

Proof. By Theorem 5.3.4, fo¢-|¢'| is integrable on [a, b]. On the other hand,
¢’ is continuous on [a,b] and ¢’ is never zero on [a,b]; so we may assume
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that ¢’ is strictly positive on [a,b] by the intermediate value theorem. It
also holds that é is continuous and hence integrable on [a, b]. So

f<>d>=(f0¢-d>’l)><<;,>

is integrable on [a, b]. O

7. P168. Ex. 5.4.1

1 1 1
/ loga:dx:/ x’logxda::xlogac[é—/ de =—1
0 0 0

since lim, 0+ z logz = 0 by using the L’Hopital’s rule. (]

8. P169. Ex. 5.4.6

Proof. a). Since L = lim, g(—x)) and L € [0,00), for € =

(z

b—a > d > 0 such that
f@) _ 3t
glz) = 2
So on the interval (b — §,b), by Theorem 5.43, f is improperly integrable
since ¢ is improperly integrable. On the interval [a,b — 0], f is integrable
since f is improperly integrable on [a,b). So f is improperly integrable on

[a,b).

%, there exists

, forb—90 <z <b.

b). If 0 < L < oo, there exists a positive number o > 0 such that

L > 2a.
So L = lim,_,,_ fgx; implies that there exists b — a > § > 0 such that
g(x
f(z)
9(x)

for x € (b—6,b). That is to say, f(z) > ag(z) for x € (b—0,b). Soif f is
improperly integrable on [a,b), Theorem 5.43 implies that g is improperly
integrable on [a,b). O



9. P169. Ex. 5.4.7

Proof. a). Suppose that L > 0. The limit lim,_,~ f(z) = L implies that,
there exists N > 0 such that

f(z) > L/2

for all x > N. Since f is improperly integrable on [0, 00), Theorem 5.43 im-
plies that the function g(z) = L/2 is also improperly integrable on [N, c0),i.e.,

/OO g(x)dzr < co.

N
This is a contradiction.

b). Firstly f is locally integrable on [0, 00). Secondly, for any d > 100,
d nopd d Noq
/ f(z)dx = Z/ f(z)dx = Z / f(z)dx = o" <1
0 0 70 N:N+2-N<a”? k=1

So limg e fodf(x)dx = >y 2% = 1. So f is improperly integrable on
[0,00). But lim,_, f(z) does not exist because there exists two sequences
{zn} and {y,} both going to oo but f(z,) =1 and f(y,) =0. O

10. P170. EX. 5.48

Proof. Let t = 2™, then dt = na" 'dx; dv = dt _ and

nt n

o 1 oo dt
/1 f(@")dz = n/1 f(t)w-
Since t > 1,

1 & dt 1 [ dt 1 [
= [ ronsy <5 [ rolgSm < [ 1o

Since f is absolutely integrable on [1, 00),

/wmmﬁ<m

1

[e.9]

lim f(z™)dz = 0.

n—oo 1
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