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1. P190. Ex. 6.1.4 

Proof. Let bk = ak+1 − 2ak + ak−1, where k ∈ N. Then 
nX 

sn = bk = (a2 − 2a1 + a0) + (a3 − 2a2 + a1)+ 
k=1 

+ (a4 − 2a3 + a2) + · · · + (an+1 − 2an + an−1) 

= a0 − a1 + an+1 − an → a0 − a1 

as n →∞. So for all n, limn→∞ sn exists and equals a0 − a1. So the seriesP∞ bk converges and the value is a0 − a1. �k=1 

2. P190. Ex. 6.1.5 

Proof. 
k k+1) = x 2k+2(x k − x k+1)(x + x 2k − x . P∞ P∞If |x| < 1, 2k and 2k+2 both converge. Sok=1 x k=1 x 

∞X 
(x 2k − x 2k+2) converges. 

k=1 

If |x| > 1, for all k ∈ N, 

|x 2k − x 2k+2| = |x 2k(x 2 − 1)| > |x 2 − 1| > 0. 

So the limit x2k −x2k+2 does not exist. Hence the series diverges. If x = ±1,P∞2k+2x2k − x = 0. So the series 0 converges. �k=1 

3. P190. Ex. 6.1.7 

Proof. a). The function f is a differentiable function; so F is differentiable. 
By the mean value theorem, For x, y in I, 

F (x) − F (y) = F 0(c)(x − y). 
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f 0(c) f 0(x)Here F 0(c) = 1 − . We know that for all x ∈ I, ∈ [1 − r, 1], hencef 0(a) f 0(a) 

f 0(c)
0 ≤ 1 − ≤ r. 

f 0(a) 

This implies that 

|F (x) − F (y)| = |F 0(c)||x − y| ≤ r|x − y|. 

b). This follows from part a) as 

xn+1 − xn = F (xn) − F (xn−1). 

c). We know that xn = F (xn−1). By F (I) ⊂ I, if xn−1 ∈ I, xn ∈ I. Since 
x0 ∈ I, we see that xn ∈ I for all n. By Bolzano-Weierstrass theorem, there 
is a subsequence of {xn}n which converges to a fixed number b in I ⊂ R. 
On the other hand, by part b), {xn} is Cauchy and so it converges. It will 
converges to the same number as the subsequence does. So 

lim xn = b. 
n→∞ 

Taking limits on both sides of xn = F (xn−1) and using that F is continuous 
on I, so 

b = F (b), 

i.e., 
f(b)

b = b − ,
f 0(a)

which implies that f(b) = 0. � 

4. P191. Ex. 6.1.9 

Proof. a).For n > N , 

N N nX X X 
nb − bk = (b − bk) + (b − bk). 

k=1 k=1 k=N+1 

Since |bk − b| ≤ M for k > N , by the triangle inequality, 

N NX X 
|nb − bk| ≤ |bk − b| + M(n − N). 

k=1 k=1 

b). The limit limn→∞ bn = b: for any ε > 0, ∃N ∈ N such that for any 
n ≥ N , 

|bn − b| ≤ ε. 
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So if n > N , by part a), PNb1 + b2 + · · · + bn − nb k=1 |bk − b| N ≤ + ε(1 − ). 
n n n 

If n →∞, 
b1 + b2 + · · · + bn

lim sup − b ≤ ε. 
n→∞ n 

Since ε > 0 is arbitrary, 

b1 + b2 + · · · + bn
lim sup − b = 0. 
n→∞ n 

Hence 
b1 + · · · bn

lim = b. 
n→∞ n 

c). The converse is false. Example, bk = (−1)k−1 . So 

b1 + · · · bn
lim = 0. 
n→∞ n 

but the limit of {bk} does not exist. � 

5. P191. Ex. 6.1.11 

Proof. We may assume that ak ≥ 0 for k ≥ N . By the limit theorems, 

NX ak
lim = 0. 
j→∞ j + k 

k=1 

So without loss of generality, we assume that ak ≥ 0 for all k ≥ 1. P∞ akSince the series converges: for any ε > 0, there exists K ∈ N such k=1 k 
that 

∞X ak 
< ε. 

k 
k=K+1 

≤ akSince for any j, ak/k 
k ,j/k+1 

∞X ak/k 
< ε. 

j/k + 1 
k=K+1 

Write X∞ ∞ K ∞X X Xak ak/k ak/k ak/k 
= = + . 

j + k j/k + 1 j/k + 1 j/k + 1 
k=1 k=1 k=1 k=K+1 
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We see that 
∞ KX Xak ak/k

0 ≤ ≤ + ε. 
j + k j/k + 1 

k=1 k=1 

If j →∞, by the limit theorems, 
∞X ak

0 ≤ lim sup ≤ ε. 
j→∞ j + k 

k=1 

This holds for any ε ≥ 0. So 
∞X ak

lim = 0. 
j→∞ j + k 

k=1 

� 

6. P192. Ex. 6.1.12 

nProof. Let bn = 
P 

kak = nn 
+1
+2 , thenk=1 

bn+1−bn = ((n + 1)an+1 + nan + · · · + 2a2 + a1)−(nan + · · · + 2a2 + a1) = (n+1)an+1. 

This implies that � � � � 
1 n + 2 n + 1 1 1 1 1 1 

an+1 = − = − = − . 
n + 1 n + 3 n + 2 (n + 1) n + 2 n + 3 (n + 1)(n + 2) (n + 1)(n + 3) 

So � � 
1 1 1 1 1 

= − − − .an+1 
n + 1 n + 2 2 n + 1 n + 3 

This holds for n ≥ 1. So � � 
1 1 1 1 1 2 

an = − − − and a1 = . 
n n + 1 2 n n + 2 3 

So 
nX 

ak = a2 + · · · + an 

k=2 � � � � 
1 1 1 1 1 1 1 1 1 1 

= − − ( − ) + · · · + − − ( − )
2 3 2 2 4 n n + 1 2 n n + 2 � � 

1 1 1 1 1 1 1 
= − − + − − . 

2 n + 1 2 2 3 n + 1 n + 2 

So if n →∞, 
∞X 1 5 1 

ak = − = . 
2 12 12 

n=2 
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So 
∞ ∞X X2 3 

ak = + ak = . 
3 4 

k=1 k=2 

� 

7. P197. Ex. 6.2.1 

Proof. a). For large k, 

2k + 5 c ≤ 
3k3 + 2k − 1 k2 

for some c > 0. So this series converges. 

d). Since ek ≥ ck6 for some c > 0, 

k3 log2 k c ≤ . 
ek k2 

So this series converges. � 

8. P197. Ex. 6.2.2 

Proof. a). For large k, 

3k3 + k − 4 c ≥ 
5k4 − k2 + 1 k 

for some c > 0. So this series diverges. R ∞ R ∞1 1d). Since the integral dx = dx = ∞, the series diverges. 2 x logp x log 2 xp 

� 

9. P197. Ex. 6.2.3 

Proof. We assume that ak ≤ M for some M > 0. Since 

ak M ≤ . 
(k + 1)p kp 

So this series converges. � 
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10. P198. Ex. 6.2.5 

Proof. For p ≥ 0, 
|ak| ≤ |ak|. 
kpP 

Since |ak| converges, the series converges. 

1 P 
If p < 0, the series may converge or diverge. For p = −2, ak = 

k2 , ak 
1 converges but ak/kp = 1. So the series diverges. For this same p, if ak = 
k4 ,P 1the series is 

k2 . So the series converges. � 

11. P198. Ex. 6.2.7 

P 
Proof. The series ak converges, so ak is bounded by M for all k. SinceP P 
0 ≤ akbk ≤ Mbk and bk converges, akbk converges. � 

12. P198. Ex. 6.2.9 

P P nProof. If ak converges, the partial sum Sn = converges. Since k=1 ak 

the partial sum of the second series is 

(a2 + a3) + (a4 + a5) + · · · + (a2k + a2k+1) = S2n+1 − a1. 

So it converges. So the second series converges. Converges if the second 
series converges, the partial sum converges. So S2n+1 converges. Since 
S2n+2 = S2n+1 + a2n+2 and limn→∞ a2n+2 = 0, 

lim S2n+2 = lim S2n+1. 
n→∞ n→∞ 

So the first series converges. � 
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