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1.Introduction to systems of linear equations

2.How many solutions to a linear system.

3. Augmented matrices and elementary row operations



Definition of linear equations in n variables

The linear equation in n variables:
aix1+axxo+ -+ apxn=>b
where

X1,X2,- "+ ,Xn . variables;
ai,an, - ,a, . coefficients;

b is a real number.

Note that the powers of x; are of 1 for 1 < i < n.



Examples.

(1). Examples of linear Equations.
x+3y =1,

1
EX_)/+3Z:—1,

X1 —2x0 —3x3 + x4 = 0,
x1+x2+--+x4=1.

(2). Examples of non-linear equations.
x + 3y? = 4, involving y?,
3x 4+ 2y — xy = 4, involving xy,

sinx + y = 0, involving sin x,
VX1 + 2x2 + x3 = 1, involving /1.



System of linear equations.

A linear system of m equations in n unknowns xi, X2, - - , Xp:
anxy + apxe + -+ ainxs = by,
ax1xy +apxy + -+ amx, = b,
amiX1 + amexe + -+ amnXn = bm.

Here m denotes the number of linear equations; n denotes the
numbers of unknowns.



Examples.
A linear system of 2 unknows.

5x+y =3,
2x —y =4,

In this example, m = 2.
A linear system of 3 unknowns.

4x1 —x0 +3x3 = —1,
3x1 +x0 + 9x3 =4
5x1 +2x2 +3x3 =0.

In this example, m = 3.



Definition of solutions to linear systems.

Recall
ayixy +apxe + -+ awx, = by,
arixy + axnxg + -+ apx, = by,
amixX1 tamexe + -+ amnXn = bm-

Definition. A solution of a linear system in n unknowns

X1, X2, ,Xp iS a sequence of numbers s1, s, -+, s, such that the

substitution
X1 = S1,X2 =52, ,Xn = Sp

makes each equation a true statement.



Examples.
1. Forx+y=0,x=1,y = —1is a solution. In general, let
X = t, then
y = —t.
Thus the ordered pair (x,y) = (t,—t), t € R, is a solution. Note
that in this example, we have introduced an unknown t, which is

called a parameter. This way of expressing solutions is called
writing the solution in the parameter form.

2. For x + y + z = 0, the solution can be expressed in the
following way: let y = s and z = t, then

X=—§—1.
Thus
(x,y,z) =(—s—t,s,t).

In this example, we have introduced two parameters, s and t, and
writing x in terms of s, t.



Xty ’, the ordered pair
xX—y =2
(x,y) =(3/2,—1/2) is a solution.

3. For the linear system

x+y+z =1,
4. For the linear system ¢ x —y —z = 2,, the ordered triple
y+2z =0,

(x,y,z) =(3/2,-1,1/2) is a solution.



Consistent systems & Inconsistent systems.

1. A linear system is consistent if it has at least one solution.
2. A linear system is inconsistent if it has no solutions.
Example 1. The examples on the previous slide are consistent.

=1
Example 2. The example of linear system Xty "is
x+y =2,

inconsistent: no pairs (x,y) make both equations true.



Theorem.

Theorem

Every system of linear equations has zero, one, or infinitely many
solutions. There are no other possibility.

Proof postponed.



A linear system with one solution.

x—y =1,
2x+y =6.

Solution. We add two equations together.

3x="T.
So
7
X = —.
3

Plug this x into x — y = 1, we have

y:§.

Thus (x,y) = (£, %) is a solution to this linear system.



A linear system with no solutions.

x+y =4
3x+3y =6.

We simplify the second equation,

x+y=2

Compared with x + y = 4, obviously there is no (x, y) making
both equations true. In this case, this is a linear system with no
solutions.



A linear system with infinitely many solutions.
4x =2y =1,
16x — 8y =4.

We simplify both equations to obtain
2x—y =
2x —y =

The two equations coincide. This is one equation with 2

unknowns. So if x =t, y =2t — % So

NI NI

1
(Xay) = (tv2t_ 5)
varies as t varies. So there are infinitely many solutions to this
system. Note that we have written the solutions in the parameter
form.



Augmented matrix.

Recall
aiixy + aoxg + - -+ + aipxn = by,
aix1 + anxg+ -+ amx, = bo,
AmiX1 + ameXe + -+ amnXn = bm.

The augmented matrix is a rectangular array of matrix



Examples.

The augmented matrix for the linear system of equations

4x1 — xo + 3x3 = -1,
3x1 4+ x2 + 9x3 = —4 (2)
5x1 + 2X2 + 3X3 =0.

4 -1 3 -1
31 9 —4
5 2 3 0



Algebraic operations of linear systems of equations.

Solutions. Multiplying the 1st by 3, and 3rd equation by 3 to
obtain

12x1 —3x0 +9x3 = -3,
3x1 + xo + 9x3 = —4 (3)
15x1 + 6x0 +9x3 = 0.

Subtracting the 2nd equation from the 1st equation,
and subtracting 2nd from 3rd to obtain

9X1 - 4X2 = 1,
12x; +5xp, = 4.



cont.

Multiplying the new 1st by 5, the new 2nd by 4,

45x; —20xp, =05,
48x1 + 20x, = 16.

Adding these two equations,

7
93x; =21, = x1 = o=
X1 XL 57

So xp = }—é and x3 = —1—;. So the ordered triple

(x1,%,x3) = (. 15, —37) is a solution.



To conclude.

Three algebraic operations of equations.

1. Multiplying an equation through by a nonzero constant.
2. Inerchange two equations.

3. Add a constant times one equation to another.

In terms of the augmented matrix,

Definition (Elementary Row Operations.)

1. Multiplying a row through by a nonzero constant.
2. Interchange two rows.

3. Add a constant times one row to another.



Using elementary row operations to solve a linear system.

The augmented matrix for the linear system of equations

X+y+2z =9,
2x4+4y -3z =1 (6)
3x+6y —5z =0.



Elementary row operations.

Adding —2 times the first row to the second to obtain

11 2 9
0 2 -7 -17
36 -5 0

Adding —3 times the first row to the third to obtain

11 2 9
02 -7 -—-17
0 3 -—-11 -27



Elementary row operations (Cont.)

Multiplying the second row by % to obtain

11 2 9
01 -3 -¥
0 3 -—-11 -27

Adding —3 times the second row to the third and multiply the
third row by 2 to obtain

O O =
O = =
|
[SIEN]
|
Nl



Elementary row operations (Cont.)

Now we work upwards. Adding % times the third row to the second
and —2 times the third row to the first.

1103
01 0 2
0 013

Adding —1 times the second row to the first to obtain

o O
o = O

01
0 2
13
Thus (x,y,z) = (1,2,3) is the solution the linear system.

Remark. The method of solving the linear system (6) is called
“Gaussian Elimination”, which is the topic of the next lecture.



Homework and Reading.

Homework. Ex. #2. #4. #9. #12. #13, and the True-False
exercise on page 10.

Reading. Section 1.2,
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