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Matrix determinants: addition.

Determinants: multiplication.

Adjoint of a matrix.

Cramer's rule to solve a linear system.



Recall that from the previous section, if a single row of A is
multiplied by k, then for the resulting matrix,

det(B) = k det(A).

If the matrix B = kA, i.e., every entries in A are multiplied by the
constant k, then we iterated the previous theorem

det(B) = k" det(A).



Example: det(A + B) # det(A) + det(B).

Consider

1 2 31 4 3
puy = ? prm——
a=|y iloe=3 S fare—]5 5]

We have det(A) =1, det(B) = 8, and det(A + B) = 23. Thus

det(A + B) # det(A) + det(B).



Theorem. Let A, B and C be n x n matrices that differ only in a
single row, say the r-th row, and assume that the r-th row can be
obtained by adding corresponding entries in the r-th row of A and
B, then

det(C) = det(A) + det(B).

This is proved by row expansion of determinants along the r-th
row of C. Suppose that

A= arl a2 -+ dam B = bi b -+ bp s

and

C= art+br1 a+bo - am+bsy |,

where the rest entires are the same.



We first observe that, if fixing the (r,j)-entry in either A, B or C,

then the cofactors are the same, i.e., C; is identical for A, B and
C.

n

det(C) = (ay + by)Cy
j=1

= Z aer,j + Z b,erj
j=1 Jj=1
= det(A) + det(B).

Note that A + B is not the same as C: A+ B is obtained by
adding the corresponding entries.



Example.
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2 0 3
140 441 7+4+(-1)
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Determinants of a product.
Lemma 2.3.2. If Bis an n X n matrix and E isan nx n
elementary matrix, then
det(EB) = det(E) det(B).

Let £ be an elementary matrix. If we multiply B by E from the
left, EB is the matrix obtained by performing an elementary row
operation on B.

Case 1. If E is obtained from [, by multiplying k to a row, then
EB is the matrix that is obtained by multiplying k to the same row.

det(EB) = k det(B) = det(E) det(B)

because det(E) = k.



Case 2. If E is obtained from [, by exchanging two rows, then EB
is the matrix that is obtained by exchanging the same two rows:

det(EB) = — det(B) = det(E) det(B)
because det(E) = —1.

Case 3. If E is obtained from [, by adding k times a row to
another row, then EB is the matrix that is obtained by adding k
times the same row to the same another row:

det(EB) = det(B) = det(E) det(B)

because det(E) = 1.



Remark. If Bisan nx n matrix and E;,E>,--- ,E, are n X n
elementary matrices, then

det(ELEs - - - E,B) = det(Ey) det(Ey) - - - det(E,) det(B).



Determinant test for invertibility

Theorem. A square matrix A is invertible if and only if
det(A) # 0.

Proof. If Ais invertible, then A is expressed as a product of
elementary matrices:
A=EE ---E.

Then
det(A) = det(Ey) det(Ep) - - - det(E,).

Since for each elementary matrix E, det(E) # 0. Thus

det(A) # 0.



Cont.

On the other hand, suppose det(A) # 0. We apply elementary row
operations to reduce A to reduced row echelon form R. That is to

say,
R=EE---EA
Then
det(R) = det(Eq) det(Ep) - - - det(E,) det(A) # 0.
This implies

det(R) # 0.

Since R is a square matrix and is in reduced row echelon form, R is
the identity matrix. In other words, A reduces to /, after a series of
elementary row operations. Hence A is invertible.



Example. Let A= . Since the first and third rows of

N — =
B~ O DN
D = W

A is proportional,
det(A) = 0.

Hence A is not invertible.



If A and B are square matrices of the same size, then
det(AB) = det(A) det(B).

Case 1. If Ais not invertible, det(A) = 0. It also follows that AB
is not invertible, which implies that det(AB) = 0. Thus

det(AB) = 0 = det(A)B.

Case 2. If Ais invertible, then A is a product of elementary
matrices, E1, Ep,--- , E,:

A=EE - - -EB.



Thus
det(AB) = det(E1Ez - - - E,B) = det(Eq) det(Ey) - - - det(E,) det(B).
Since det(A) = det(E;) det(Ep) - - - det(E,),

det(AB) = det(A) det(B).



ConsiderA:[3 1],82{_1 3].

The product
2 17
3 14 |°
We verify that
det(A) =1, det(B) = —23,det(AB) = —23.

Thus
det(AB) = det(A) det(B).



A corollary to the theorem is

Theorem. If A is invertible, then

1
det(A™1) = .
) = JaiA)
This is because
l,=Ax AL

Thus
1 = det(/,) = det(A) det(A™1).



Def. If Aisany n x n matrix, and Cj; is the cofactor of aj;, then
the matrix

Ci G -+ Cu
Co Co -+ Cp
Cln C2n T Cnn

is called the adjoint of the matrix A, denoted by adj(A) .

Recall that C;; = (—1)"*/M;;, and Mj; is the determinant of the
(n—1) x (n— 1) matrix obtained from A by removing the i-th row
and the j-th column of A.



Example.

Let
3 2 -1
A=11 6 3
2 -4 0
The adjoint of A is
12 4 12
adj(A) = 6 2 -10
—-16 16 16
We compute
241 2 —1
Gy =(-1) =4



Inverse of a matrix using its adjoint.

Theorem. If A is an invertible matrix, then

A—l

= der(a) A

Proof. We show that
Aadj(A) = det(A)l,.

Let B = Aadj(A) = [bjj]. The (i,j)-entry bj; of the product matrix
Aadj(A) is coming from the i-th row of A and the j-th column of
adj(A). Note that the j-th column of adj(A) is the cofactor of the
entry aj of the matrix A, 1 < k < n.

n
bij =Y auCi = anC1 + 32Cp + - + ain Cjn.
k=1



Fixing i. We discuss two cases.

Case 1. When j =/, by the definition of determinants of

matrices,
bjj = det(A).

Case 2. When j # i, we prove that b = 0. Suppose that i < j;
the proof for i > j is similar. We construct a matrix that differs
from the matrix A only in the j-th row: the j-th row is the same as
the i-th row.

ajilt a2 -+ Qdin

dji1 a2 - din




Since D contains two identical rows, det(D) = 0. We expand the
determinant along the j-th row:

det(D) =0 =aj; C:jll + ajo C:;z + - a,-,,CJ{n.
Since D only differs from A in the j-th row, Cj’k = Cik. So
bjj =0, for i # j.

Hence the matrix B is det(A)/,. This proves the theorem.



Using the adjoint to find an inverse matrix.

3 2 -1
Example. A= |1 6 3 |.From the previous example,
2 -4 0
the adjoint of A is computed. By the theorem, the inverse of A is
1 12 4 12
6 2 -10
det(4) | _16 16 16

The determinant of A, det(A) = 64. So the inverse is

2 o4 1
i Z i
® ¥ b



Cramer's rule.

Theorem. If Ax = b is a system of n linear equations in n
unknowns such that det(A) # 0, then the system has a unique
solution. This solution is

_det(A;)  det(Ar) _ det(A,)
T det(A) 2T det(A) " T det(A)

X1

when A; is the matrix obtained by replacing the entries in the j-th
column of A by the entires in the matrix



If det(A) # 0, then A is invertible. We multiply Ax = b by A~! to
obtain

Gi C1 -+ Cn by
4 1 Cio G - Cp by
X = b=
det(A) | ... :
Cln C2n tr Cnn bn

We multiply the matrices on the right hand side out to obtain the

i-th entry.
b1 G+ b Goi + -+ - 4 b Gy



This is precisely the determinant of the following matrix expanding
along the i-th column:

a1 by ain
as1 by azn
anl bn dnn

where the i-th column of A is replaced by the column vector. So

o det(A,-)
X T det(A)




Using Cramer’s rule to solve a linear system.

Use the Cramer's rule to solve

x1 +2x3 =0,
—3x1 +4x0 + 6x3 = 30,
—x1 — 2xp + 3x3 = 8.



1 0 2 6 0 2
A= -3 4 6 |,A =130 4 6
| -1 -2 3 8 -2 3
and
1 6 2 1 0 6
A= -3 30 6 |,A3=| -3 4 30
| -1 8 3 -1 -2 8

The complexity here is to compute the determinants here.



Therefore

o — det(Al) . —10 o — det(Ag) . §
17 det(A) 11077 det(A) 1L
and
_ det(A3) 38

BT det(A) 11

We usually use the elementary row operations to compute the
determinants of matrices.



Homework and Reading.

Homework. Ex. #4, #6,#8, #10, #16, #18, #20,#24, #30,
and the True-False exercise on page 116.

Reading. Section 3.1.
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