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Definition. If v=(vi,va, - ,v,) is a vector in R”, then the
norm of v (also called the length of v or the magnitude of v) is
denoted by ||v||, and is defined by the formula

Hv|]:\/v12+v22+~-+v§.



Example 1.

Let v=(—3,2,1). Then
Ivll = \/(-3)2 + 22 +12 = VI4.
Let v=(2,-1,3,—5). Then

vl = /22 4+ (12 4+ 3 + (-5) = V3.




Theorem If v is a vector in R” and if k is any scalar, then
(a). vl >o0.

(b). ||v|| = 0 if and only if v =0.

(c). [[kv][ = [kl[[v]].



Proof.
We prove the part (c). Let v = (v1,v2, -+, v,). Then

kv = (kvi, kva, -+, kvp).

Hence

[kvll = (k)2 + (ko) + -+ (k)2

= kR + B+t 2
= [k|[lv]-



Unit Vectors.

If v is any nonzero vector in R”, then u = ﬁv defines a unit
vector that is in the same direction as v.

Example. Find the unit vector u that has the same direction as
v=(2,2-1).
Solution. The vector v has length

vl = /22 +-22 + (-1)2 =3,

Thus
v 22 1

v=n = (3373



The standard unit vectors.

(1). i=(1,0) and j = (0,1) are the standard unit vectors in R2.

(2). i=(1,0,0), j=(0,1,0) and k = (0,0, 1) are the standard
unit vectors in R3.

Any vector in R? and R3 can be expressed as linear combinations
of i,jori,j k.

(v1,v2) = vii + voj,
(vi,v2, v3) = vii + woj + vzk.



These standard unit vectors can be generalized to be those in R":
e = (17070 )0)7 €y = (071707"' 30)) e, = (O)0> 71)7

In which case, every vector v = (v, vo,- -, v,) can be expressed in
terms of a linear combination,

V=vie; +wer+ - -+ vye,.



Linear combinations of standard unit vectors.

(2,—3,4) = 2i — 3j + 4k,
(7,3,—4,5) = Te; + 3ex — 4e3 + 5ey.



Distance in R".

Definition. If u= (u1,up, -+ ,up) and v = (v, va, -+, v,) are
points in R”, then we denote the distance between u and v by
d(u,v) and define it to be

() = lu = vl| = /(s = )2 + (v = )2 4 - (= vi)?



Calculating distance in R”".

Ifu=(1,3,—-2,7) and v = (0,7,2,2), then the distance between
uandvis

d(u,v) = /(1 —0)2 + (3 7)2 + (-2 2)2 + (7 - 2)2 = V/58.



Definition. Let u = (v, u2, -+ ,u,) and v = (vi, vp, -+, v,) are
vectors in R", then the dot product (also called the Euclidean
inner product) of u and v is denoted by u - v and is defined by

u-v=uvy+ uvo+ - -+ uyvy.



Calculating dot product using components.

Example. Letu=(-1,3,5,7) and v=(—3,—4,1,0). Then

u-v=—-1x(-3)+3x(-4)+5x1+7x0=—4.



Example: inner product in R? and R3

When n =2 or n = 3, the Euclidean inner product u,v can be

written as a different form, which involves the angle of the vectors
u,v.

Suppose that u, v are vectors with the starting points at the origin.
Then u,v and u — v forms a triangle. By the law of cosines, we
have

lu = v]|* = JJull* + [[v]]* = 2] ull[lv]| cos 6,

where 0 is the angle between u and v, and 0 < 0 < 7.



Suppose that u = (u1, u2, u3) and v = (vi, v, v3). Then
lu—v||> = (1 — v1)® + (u2 — v2)* + (3 — v3)?,
ull® = o3 + 15 + u3,
||vH2 = v12 + v22 + v32.
Thus
upvy + tova + uzvs = [lul|[|v|| cos 6.

Therefore the inner product in R3 can take the following form

u-v = ||ul|||v] cosb.



If u#0and v #0, then

cosf = &.
[[ullf[v]]

Since 0 < 0 < T, it follows that
1. Ifu-v >0, then 0 is acute, 0 <0 < 7.
2. Ifu-v <0, then 0 is obtuse, 7 <0 < 7.
3. Ifu-v=0,then § = 7.



Example.

Let u=(0,0,1) and v = (0,2,2). Then

Jull =1, [lv]| = 2v2.
and
u-v=0x0+0x2+1x2=2.
Thus
cosf = u-v —i
[ulllv]] V2

Since 0 < 6 <,

o=".
4



Algebraic properties of the dot product.

Specify u and v in Definition, then

u-uzuf—i—u%—l—---%—u%.

Thus
u-u=|ul.



Theorem. If u,v and w are vectors in R”, and if k is a scalar,
then

(a)-

(
(
(

‘V=V-u.

b). u-(v+w)=u-v+u-w.

c). k(u-v)=(ku)-v.

d). v.-v>0and v-v=0if and only if v=10.



(c). Letu=(ui,up,---,up)and v=(vi,va, - ,vp). Then

k(u-v) = k(uivi + uavp + - +u,,v,,)
= (kui)vi + (kua)va + - - - + (kup) vy
= (ku) v

(d).

Vev= b v = v

Thusv-v > 0. Also

v-v=0<¢ v; =0 for each j & v =0.



Theorem. If u, v and w are vectors in R”, and if k is a scalar,
then

). 0-v=v-0=0.

). (u+v) - w=u-w+v-w.

d). (u—v)-w=u-w-—v-w.
). k(u-v)=u-(kv).

This can be proven by using the components of vectors.

(a
(b
(c) u-(v—w)=u-v—u-w.
(
(e



(a). Let0=(0,0,-,0) and v = (v1,va, -+ ,Vp). Thus
O-v=0xw+0xw+---4+0xv,=0.

Similarly for v - 0; and (b) — — — (e).



Calculating Dot products.

(u—2v)-(Bu+4v) =u-(Bu+4v) —2v - (3u+4v)
=3(u-u)+4u-v—6v-u—8v-v
= 3JJu® — 2(u - v) - 8|lv|*.



The Cauchy- Schwarz inequality

If u=(u1,u2, -+ ,un) and v =(vi,va,---,vp) are vectors in R",
then
u-v| < lullf|v]|

or in terms of components

lupvi + wava + -+ - upvy| < (U% +--+ U%)lp (V12 +oeeet V3)1/2'



If u, v and w are vectors in R”, then

[Ju+ vl < Jul] + v,
d(u,v) < d(u,w) + d(v,w).

Both are called the triangle inequality.



(a).
Ju+ V] < (u+v)(u+v)
=u-u+2(u,v)+v,v
= flull® +2(u-v) + |Iv|?
= [lull® +2[lull vl + [lv]
= ([lull + v

Thus
Ju+ v < flul] + Iv].



(b).

d(u,v) = [ju—v]|
= [[(u = w) + (w —v)]|
< lu—wi[ + [jw —v]|
= d(u,w) + d(w,v).



Parallelogram equation for vectors.

If u and v are vectors in R”, then
Ju+ v+ [lu—v|> = 2(]|ul/* + [[v]?).
Proof.

lu v+ [Ju—v|?
=u+v)- (u+v)+(u—v) - (u—v)
= 2([Jull + [Iv]?).



Theorem. if u and v are vectors in R” with the Euclidean inner
product, then

1 1
wov = lu vl =2,
Proof.

Ju+v[> = (u+v)(u+v) = [ul|> +2(u-v) + ||v]

lu = v[[* = (u = v)(u = v) = [|u]® = 2(u-v) +[|v]?.

Subtracting these two identities, we have

1 1
u-v= Z||u—l—vH2 — ZHU —sz.



Dot Product as Matrix Multiplication.

Let u and v are column vectors in R". We write the elements in
R™ as column vectors.
Let

and

Then by using the inner products in the Euclidean space R”,

u-v=uvy+ uvo+ -+ uyvy.



As matrix multiplication,

Vi
T v2
UVZ[Ul,Uzr",Un]X . =uivi + uvo +
Vn
Similarly for
viu
Hence we have
T T

s UpVp.



If Ais an n x n matrix and u and v are n X 1 matrices, then we
have

Au-v=u-ATv.

u-Av=A"u-v.



Example: verifying that Au-v = u- A'v.

Let
1 -2 3
A= 2 4 1 |,
-1 0 1
and
-1
u=— 2
4
and



1 -2 3 -1 7
Au = 2 4 1| x 2 = | 10
-1 0 1 4 | 5
and _
1 2 1 -7
3 1 1 | -1
Thus
Au-v=7(-2)4+10x0+5x5=11
and

u-Alv=(-1)(-7)+2x4+4x(-1)=11

Therefore Au-v=u-ATv.



Homework and Reading.

Homework. Exercise. # 4, # 6, # 8, # 12, #19 (a) (c), # 20,
(a) (c), # 26 (a) (b), # 27. True or false questions on page 143.

Reading. Section 3.3,
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