Lecture 16: Section 4.1

Shuanglin Shao

October 30, 2013



Real vector spaces

In this section, we discuss the definition of vector spaces. Then we
give some examples which are vector spaces, and are not vector
spaces.



Vector Space Axioms.

Definition. Let V be an arbitrary nonempty set of objects on
which two operations are defined: addition, and multiplication
by scalars.

By addition, we mean a rule for associating with each pair of
objects u and v in V an object u + v, called the sum of u and v.

By scalar multiplication, we mean a rule for associating with each
scalar k and each object u in V an object ku, called the scalar
multiple of u by k. If the following axioms are satisfied by all
objects u,v,w in V and all scalars kK and m, then we call V a
vector space and we call the objects in V vectors.



Addition part.

. If u and v are objects in V, then u+ v are in V. ( Closed

under addition. )

.u+v=v-+u
cut+(v+w)=(utv)+w.
. There is an object 0 in V, called a zero vector for V, such

thatt 0 +u=u+0=u for all uin V.

. For each u in V, there is an object —u in V, called a negative

of u such that u + (—u) = (—u) +u=0.



Scalar multiplication part.

(6). If k is any scalar and u is any object in V, then ku is in V.
(Closed under scalar multiplication. )

(7). k(u+v) = ku+ kv.
(8). (k+ m)u= ku+ mu.

(9). k(mu) = (km)u.
(10). lu = u.

Key points. “A nonempty set”+ “Two operations on this set:
addition and scalar multiplication. "



Example 1.

Let V = {0}, and define

0+0=0,
k0 =0

for all scalars k. Then we verify that V is a vector space. We call
this vector space the zero vector space.



Proof of Example 1.

(1). 0+0=0isin V.

(2). 0+ 0 is the same as 0 + 0; both of them is 0.

(3). 0+(0+0)=0+0=0, which is the same as (0 +0) + 0.
(4). 0 is the zero vector.

(5). For 0 in V, there is 0 itself, such that 0 +0 = 0.



(6). For k is any scalar and 0 is any object in V, k0 =0 is in V.

(7). k(0+0) = k0 =0, while kO + k0 =0+ 0 = 0. Hence
k(0 + 0) = k0 + KO.
(8). (k4 m)0 =0, while kO + m0 =0+ 0 = 0. Hence
(k + m)0 = kO + moO.
(9). k(m0) = kO = 0 while (km)0 = 0.
(10). 10 = 0.



Example 2.

Let V =R", and define the vector space operations on V to be
the usual operations of addition and scalar multiplication of
n-tuples; that is

U+V:(U1,U2,"‘ aun)+(V1,V27"' 7Vn)
= (1 +vi,up+va, -, up+ vp),
ku = k(ui,uo,--- , up)

= (kuy, kup, - -+, kup).

V is a vector space.



Proof: Addition.

Firstly we see that these two operations are closed under addition

and scalar multiplication.

(2). u+v=_(ur+vi,up+ vo, -+, Up+ Vp);
v+u= (v +u,vo+up -, Vy+ u,). Since for each j,
uj+vj = vj+ uj, we haveu+v=v-+u.

(3). u+ (v+ w) is the same as (u+ v) + w. This is proven
similarly as in (2).

(4). There exists 0 = (0,0, --,0), the zero vector.

(5). For each u = (uy,u2,- -+, uy), there exists
—u = (—uy,—up, - ,—up,) such that

u+(—u)=0.



Proof. Scalar multiplication.

Secondly regarding scalar multiplications, we have

(7). k(u+v) = (kuy + kvi, kuo + kv, - - -, kup + kv,). On the the
hand,

ku + kv = (kuy, kup, - -+, kup) + (kvi, kva, - -+, kvp)
= (kuy + kvi, kup + kva, -+ -, kun + kvp).

Hence
k(u+v) = ku + kv.

Similarly (k + m)u = ku 4+ mu, k(mu) = (km)(u), and
lu=u.

So R” is a vector space.



The vector space of infinite sequences of real numbers.

Let V= {(u1,u2, - ,up): uj € R, 1 < i< n}. Then we define
two operations:

U+V:(u17u27"'7un)+(V15V27'”)Vn)"')
= (U1 + vi, 02+ v, Uy A+ Vi, o).

ku = (kuy, kua, - -+ , kup,---), where k is a scalar.



Proof.

Solution. Firstly we see that these two operations are closed
under addition and scalar multiplication.

Secondly the zero vector is 0 = (0,0,---,0).
For each u € V, the negative of u is
(_U17 —uz,- -, _Un)-

The rest rules are easily verified.
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Proof.

Solution. Firstly we see that these two operations are closed
under addition and scalar multiplication.

Secondly the zero vector is [ 8 0 ]
For each u € V, the negative of u is
[ —u11 U }
—lp1 —Ux |’

The rest rules are easily verified. So V is a vector space. Similarly
for any set of m x n matrix.



Example.

Let V be the set of real-valued functions that are defined at each x
in the interval (—oo,00). Let f and g are two functions in V and if
k is any scalar, we define two operations: addition and scalar
multiplication.

(F+g)(x) = f(x) +&(x)
kf(x) = kf(x).



Proof.

Solution. Firstly we see that these two operations are closed
under addition and scalar multiplication.

Secondly the zero vector is f(x) = 0 for any x € (—o00,00) .

For each f € V, the negative of f is —f(x) = —f(x) for any
x € (—00,00). The rest rules are easily verified. Hence V is a
vector space.



A set that is not a vector space.

Let V = R2. Define two operations

u+v:(u1+V1,U2+V2),
ku = (kuy,0).

This is a set with two operations. But the rule
lu=u

fails because 1u = (u1,0) which is not (u1, u2) if up # 0.



Theorem 4.1.1. Let V be a vector space, u a vector in V, and k
is a scalar. Then

Ou =0,
k0 = 0,
(—1)U = —u,

If ku=0,then k=0, oru=0.



It is clear that the Theorem holds true for the usual vector space
R". Here is a general vector space, we prove it by following the
rules defining the vector space.

Proof.
(a). We write 0 =0+ 0. Then

Ou = (0 + 0)u = Ou + Ou.

The second follows from the distribution law. Then we add the
negative of Qu to both sides

Ou — Ou = (Ou + Ou) — Ou = Ou + (Ou — Ou) = Ou + 0.

That is to say,
0 = Ou.

Similarly we prove that the second equality.

O



Cont.

We prove the third equality by using the first equality: since
0=1-1,

Ou=(1+(-1)u=1lu+ (-1)u.
By using the part (@) and the rule,

0=u+(-1)u
We add —u to both sides to obtain

—u=(-1)u.



Cont.

For the last part: If k # 0, then by part (b),

1 1
k( u) kO 0
Hence )
Thus
lu=0.

Thus u = 0.



Homework and Reading.

Homework. Ex. #1, # 2,# 4, # 7,4 11,# 12, #18. True or false
questions on page 179.

Reading. Section 4.2,
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