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Linear Independence and Linear Dependence.

We will discuss linear independence of vectors in a vector space.



Definition. If S = {vy,va, -+ ,v,} is a nonempty set of vectors
in a vector space V, then the vector equation

kivi + kovo + -+ kv, =0
has at least one solution, namely,
ki=0,kp=0,--- , k =0.

We call it the trivial solution. If this is the only solution, then S
is said to be a linearly independent set. If there are solutions in
addition to the trivial solution, then S is said to be a linearly
dependently set.



Example 1.

Example 1. Linear independence of the standard unit vectors in
R”. Let

e =(1,0,0---,0),e2=(0,1,0,---,0),--- ,e, = (0,0,---,1).

Let
cier + e+ -+ cpe, = 0.
Thus
(C17C27"' 7Cn) - (0707 70)
This implies that c; =0, =0, -+, ¢, = 0. Therefore

{e1, e, - ,en} is linearly independently.



Example 2.

Example 2. Linear independence in R3. Determine whether the
vectors v; = (1,—-2,3),va = (5,6,—1) and v3 = (3,2,1) are
linearly independent or linearly dependent in R3.
Solution. Suppose that there exist ki, ko and k3 such that

kivi + kovy + k3vz = (0, 0, 0)
Thus

(kl + 5ky + 3k3, —2ky + 6ko + 2k3,3k; — ko + k3) = (0, 0, 0) (].)



Writing it in the linear system,

ki + 5ko + 3k3 =0,
—2k1 4+ 6k +2k3 =0,
3ki — ko + k3 =0.

The augmented matrix is



By elementary row reductions,
1530
0210
0 00O

Since the last row only consists of zero, there exists nontrivial
solutions (ki, k2, k3) satisfying the equation (1).



Linear independence in R*.

Determine whether the vectors

vi =(1,2,2,-1),v, = (4,9,9,—4),v3 = (5,8,9,—5)
in R* are linearly dependent or linearly independent.
Proof. Suppose that there exists kq, ko, k3 such that

kivi + kovo + kavz = (0, 0, 0)



Suppose that there exist ki, kp, k3 such that

ki + 4ky + 5k3 =0,
2ki +9k» +8ks =0,
2ki +9ky +9k3 =0,
—ki —4ky — bk =0.

The 4th equation is the same as the first equation. So the
augmented matrix is

NN =
O O
O o0 O1
o O O



By the elementary row reductions, we have

14 5 0
01 -2 0
00 1 O

This implies that
ki1 =0, ko =0, k3 =0.

Therefore v1, v, v3 is linearly independent.



An important linearly independently set in P,,.

Show that the polynomials 1, x,--- ,x" form a linearly independent
set in P,.
Solution. Suppose that there exists ag, a1, - - - , a, such that

a0+ aix + ax? + -+ apx" =0.
Thus
gg=ar=a = ---=ap=0.

Hence the set of polynomials of {1,x,---,x"} is linearly
independent.



Theorem.

Theorem. A set S with two or more vectors is

(a). Linearly dependent if and only if at least one of the vectors in
S is expressible as a linear combination of the other vectors in
S.
(b). Linearly independent if and only if no vector in S is expressible
as a linear combination of the other vectors in S.



Proof. We observe that the second statement follows from the
first statement. So we only need to prove part (a).
Let S = {vi,vo, -+, v}

“="0f vi = cvo + - - + ek vk, then

O=vi—cw+- - — crW.

Thus there exists nonzero solution (1, —cp, -+ , —ck) satisfying the
equation.



= Suppose that there exists S is linearly dependent, i.e.,
there exists (c1, ¢, -, ck), not all zero, such that

avi+cove+ -+ v =0.

Suppose that ¢; # 0,

(&) Ck
Vi=—"—Vp — " — — V.
(4] (6)

This proves the statement.



Theorem.
(a). A finite set that contains bf0 is linearly dependent.

(b). A set with exactly one vector is linearly dependent if and only
if that vector is nonzero.

(c). A set with exactly two vectors is linearly independent if and
only if neither vector is a scalar multiple of the other.

The proof is omitted.



Theorem. Let S ={v,vs,---,v,} be a set of vectors in R". If
r > n, then S is linearly dependent.

Solution. Suppose that there exists x1, x2,- - - , x, such that
xivi + xovo + - - - + x.v, = 0. (2)
We need to show that there exists a nonzero solution
(x1,x2,- -+, x,) to this equation. Suppose that
Vi = (31,'7 agj, - 7ani)-

Then we have the system of equations

aiixi +apxe+---+arx, =0,
asixy + axxe + -+ axyx, =0,

anixy + apxo + -+ apx, =0.



Then the augmented matrix is

ai1 aw - ay O
a1 ax - ax O
anl am2 -+ ap 0.

By Theorem 1.2.2, since this system has more unknowns than
equations, it has infinitely many solutions. So there exists a
nonzero solution to the equation (2).



By using the standard unit basis in R”, each v; can be expressed as

a linear combination of ey, ep, - , e,:
vi = aner +ane+ -+ ainen
Vo = api€e1 + axe+ -+ axs€p
Vp = api€1 + an2€ + -+ ann€p
V, = apie1 + ape + -+ ameén.




We write the first n equations in the following form:

Vi a1 d12
V2 dp1  ax
Vn dnl  an2

Let A be the coefficient matrix.

din €1

azn €2
X

ann €n



We divide it into two cases.

Case 1. If Ais invertible, then the column vector of e1, e, -« , €,
can be written as the product of the inverse matrix A and the
column vector vq, vo, -+, v,. Since v, is a linear combination of
€1,6s, - ,€ey. Thus v, is a linear combination of vi, v, -, v,.
Hence the set of vectors {vi, va,--- , v, } is linearly dependent.

Case 2. If Ais not invertible, then by elementary row operations,
we can reduce the last row of the matrix A to the zero row.
Applying the same elementary row operations to the left hand side,
we see that a linear combination of {vi, v, -+, v,} with nonzero
coefficients is equal to zero. Thus {v1,--- , vy} is linearly
dependent. Hence {vq,--- ,vp, -+, v,} is linearly dependent.



Homework and Reading.

Homework. Ex. # 2, # 3, # 4, # 6, # 10, # 12, # 13, # 16.
True or false questions on page 200.

Reading. Section 4.4,
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