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Dimension

Let V be a vector space and S = {v1,vp, - ,v,} be a basis: B is
linearly independent, and spans the vector space V. The dimension
of the vector space V is n.

Let B’ be another basis for V. The change of basis B to B’ is
related to a matrix of n x n.



Theorem. From Section 4.4, let S = {v1,v2, -+ ,v,} be a basis
for a finite dimensional vector space V, and if

(V)S = (Cla 2, )Cn)
is the coordinate vector of v relative to S, then the mapping
v — (v)s

creates an one-to-one connection between vectors in the general
vector space V and vectors in the vector space R”. We denote the
coordinate vector by
c1
2
(v)s =

Cn



The change of basis problem.

Question. If v is a vector in a finite dimensional vector space V,
and if we change the basis for V from a basis B to a basis B’, how
is the coordinate vector [v]g to [V]g: related?

We take R? as an example.



The change of basis in R?.

Let B = {uq,uz} be the old basis, and B’ = {u,u}} be new
basis. Suppose that

ui = auq + buy,

cu; + dup.

Uy

Since we write uq,us and u’y, u’> as column vectors, we have

[u] Wy ]=]wm uz}x[z 2]



Let v any vector in R?. Write the coordinate vector v with respect

to the basis B': ,
k
- (4)

( 2 ) = Kju} + khuh = (Kjauy + kjbuy) + (Kycuy + khduy)

ie.,

and
= (kja + khc)uy + (kib + khd)u,.

Let < il ) be the coordinate vector of v with respect to B. Then
2

ki \ [ kia+kic\ [ a ¢ " ki
ke ) "\ Kb+kd )"\ b d K )



Solution to the change of basis.

Theorem. If we change the basis for a vector space V from an old
basis B = {uj,uy, -+ ,u,} to a new basis B’ = {u'1,u’, -+ ,ul},
then for each vector v in V, the old coordinate vector [v]g is
related to the new coordinate vector [v]g/ by the equation

[vls = Pgr—g[Vv]m,

where the columns of P are the coordinate vectors of the new basis
vectors relative to the old basis; that is, the column vectors of P
are

[Ui]B, [Ué]B, B [u;]B'



Transition matrices.

The matrix P in Equation above is called the transition matrix
that maps B’-coordinate of v to B-coordinate of v.

Pgi_p = [[u'1]B, [u'2]s, -, [un]B]

where [u’;]g is the column vector expressing u’ in terms of the
basis {ui,uz,--- ,u,}, and

Pe_p = [[ui]g, [u2]sr, -+, [un]B],

where [u;]g is the column vector expressing u; in terms of the basis
/ / /
{u17u27"'aun}-



Example 1: finding the transition matrices.

Consider the bases B = {u1,up} and B’ = {uf, u}} for R2, where

u; = (1,0), Ur = (0, 1), u’1 = (].7 1),U/2 = (2, 1).

» (a). Find the transition matrix Pg/_,g from B’ to B.
» (b). Find the transition matrix Pg_, g from B to B’.



Solution.

Proof.

We write

1 1 0
u'; = au; + buy, [l]za[o}—%b[l]

2 1 0
u's = cup + duo, {1}:c[0]+d[1].

Thusa=1,b=1and ¢ =2,d = 1. Thus the transition matrix

Pg g is
1 2
11

O



Cont.

On the other hand, we write
oy , 1 1 2
mevivn [1]-e[2]o[2]

0 1 2
u, = yu'y + du'y, {1]:7[1]—#5[1].

Thus a=—-1,8=1, and v = 2,5 = —1. Thus the transition
matrix Pg_,p’ is
-1 2
A



Computing coordinate vectors.

Let B and B’ be the bases in Example 1. Use an appropriate

formula to find vg given that [v]g = [ _53 ] .

Proof.

[V]B:PB’HB[V]B’:[i i]x[}s]:[;]



Invertibility of transition matrices.

From Example 1,

1 2 -1 2 1 0
PB’—>BPB—>B’:[1 l]x[ 1 _1]2[0 1]-

So the inverse of the matrix Pg_, g/ is Pg_,p/; conversely it is also
true.



Theorem 4.6.1 If P is the transition matrix from a basis B’ to a
basis B for a finite dimensional vector space V, then P is invertible,
and the inverse P~1 is the transition matrix from B to B'.



Theorem. Let B’ = {uj,uz, - ,u,} be any basis for the vector
space R” and let S = {ej, ey, - ,e,} be the standard basis for
R”. If the vectors in these bases are written in column form, then

Pg_s = [u1|ug|- - |un].

The proof is clear from the definition.



Example.

Let u; = (1,2,1), up =(2,5,0) and u3 = (3,3,8), and
e; =(1,0,0), & =(0,1,0) and e3 = (0,0, 1). Since we can
express the vectors ug, uz, us in terms of ey, ez, e3,

uy=1xe;+2xe+1xes,
uy=1xe;+5xe +0xes,
u3=3xe;+3xe+8xes,

we see that the matrix

>

Il
=N =
o o1 N
xR0 W W



Homework and Reading.

Homework. Ex. # 2, # 4, # 6, # 7, # 8, # 9, # 12, # 14, #
15. True or false questions on page 224.

Reading. Section 4.7,



