
MATH 810 FINAL 

Choose any three to turn in. You may consult with any reference or search 
online, and discuss with your fellow students. But you have to write it in 
your words. 

Problem 1. (Whitney’s decomposition.) Let F ⊂ Rn be a given closed 
set. Then there exists a collection of cubes F , F = {Q1, Q2, · · · , Qk, · · · }
(closed cube in Rn , with sides parallet to axesams) so that 

• ∪kQk = Ω = F c , where F c denotes the complement of F . 
• The Qk are mutually disjoint, i.e., their interiors are disjoint. 
• c1 diameter(Qk) ≤ distance(Qk, F ) ≤ c2 diameter(Qk). The con-
stants c1, c2 are independent of F . In fact, we may take c1 = 1, c2 = 
4. 

Problem 2.(Hanner’s inequalities.) Let f, g ∈ Lp(Rn). If 1 ≤ p ≤ 2, 
we have 

kf + gkp + kf − gkp ≥ (kfkp + kgkp)p + |kfkp − kgkp|p,p p
(1) 

(kf + gkp + kf − gkp)p + |kf + gkp − kf − gkp|p ≤ 2p(kfkp + kgkpp).p 

If 2 ≤ p < ∞, the inequalities are reversed. 

Problem 3.(Differentiability of norms.) Suppose f, g ∈ Lp(Rn) with 
1 < p < ∞. The function defined on R by Z 

N(t) = |f(x) + tg(x)|pdx 
Rn 

is differentiable and its derivative at t = 0 is given by Z 
d p � � 
N |t=0 = |f(x)|p−2 f̄(x)g(x) + f(x)ḡ(x) dx. 

dt 2 Rn 

Problem 4.(Missing terms in Fatou’s lemma. ) Let f j be a se-
quence of complex-valued functions on Rn that converges pointwise a.e. to 
a function f . Suppose also that for 0 < p < ∞,Z 

|f j (x)|pdx < C, 
Rn 

1 



�� ��for all j and for some constant C > 0. ThenZ 
lim |f j (x)|p − |f j (x) − f(x)|p − |f(x)|p dx = 0. 
j→∞ Rn 

Problem 5. The following are equivalent. 

• The function f is continuous on (a, b) and satisfies the midpoint 
convexity condition 

1 1 1 1 
f( x + y) ≤ f(x) + f(y), ∀x, y ∈ (a, b). 
2 2 2 2 

• The function f is convex on (a, b), i.e., 

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y), ∀x, y ∈ (a, b), λ ∈ [0, 1]. 

Problem 6. Let Ej be collection of subsets of a fixed compact set in Rn P 
with |Ej | = ∞. Then there exists a sequence of translates Fj = Ej + xjj 
so that � � 

lim sup Fj = ∩∞ 
k=1 ∪∞ 

j=kFj = Rn . 

Problem 7. (Loomis-Whitney’s inequality.) Suppose that we have for 
j = 1, 2, · · · , n, 

fj : Rn−1 → R+ 

a positive measurable function and 

πj : Rn → Rn−1 

the projection by forgetting the j−th coordinate, thenZ 
Πn

j=1fj ◦ πj dx ≤ Πn
j=1kfj kLn−1(Rn−1). 

Rn 
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