HOMEWORK 10

SHUANGLIN SHAO

1. P221. Ex. 1
Proof. If ¢ # 0, for any & > 0, there exists 6 = 7, then for |z —y| <4,
[f(x) = f)l = lel x|z —y| < e x b =e.
Ife=0, f=0.

We conclude that f is uniformly continuous in both cases.

2. P221. Ex. 2

Proof. From |f'| < K, we see that K > 0. By the mean value theorem,

[f () = fW)l = £ (©)llz -yl < K|z —y].

For any € > 0, there exists § = &, then for |z —y| <4,
|fz) = fy)| <K xd=e.

Then f is uniformly continuous.

3. P221. Ex. 3

Proof. Given € > 0. We choose § = £2.
5 Vo _ e
If 2,y € (3,00), then \/z,\/y > %5 = 5,

|z — y| |z — y| ) €
Ve = Vil VT +\/y € 2 2

If 2,y € (0,9), then /z, \/y < V6 = ¢, then
VE — /il < max{v, i} <.
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In general, if z,y € (0,00) and |z —y| < g, then either z,y € (0,9) or (g, 00).
Hence in either case

[f(z) = fly) <e.

Then f(z) = /2 is uniformly continuous on (0, c0).

There is another way to prove it. It starts with the following claim, for
O<y<z wewritex=(x—y)+y

VI SVE—y+ Vs Ve - i<V,

So for & > 0, there exists § = &2, such that for any |z — y| < 6,

Vr =yl < Vg -yl <e

4. P221 EX. 5

Proof. {x,} is a Cauchy sequence: for any § > 0, there exists N € N such
that

|Tpp — xp| < 6, for any p € N.

f is uniformly continuous: for any ¢ > 0, there exists o > 0, for any
|z — y| < do,

|flz) = fy) <e.
We take § = dg, then

|f(Zn+p) — fan)| <€, for any p € N.
This shows that {f(xy)} is also a Cauchy sequence. O

5. P 226 Ex. 2

Proof. The function we consider is f(z) = x. On the interval I}, = [%, %]
for 1 <k <n,

k—1 k
min f(z) = ——, max f(z) = .
Then .
k—1 1 " (k—1) n-—1
L — i k=1 —
p(2) ; n X n n2 2n
On the other hand,
n n
k1 .k 1
Up(e) =3 - x - = Zimin I
—non n 2n



6. P 234 Ex. 3

Proof. An useful observation is the following: for any interval I,

inf f(z)+inf f(x) < inf f(z)+g(x) < sup f(a)+g(x) < sup f(z)+sup g(x).
zel zel zel zel xzel zel

Then for P denote any partition of [a, b],

Lp(f)+Lp(g) < Lp(f +9) <Up(f+g) <Up(f) +Uglg).
Since both f and g are integrable, then there exists P; and Ps,
b
Un(f) =< [ fdo < Lo (f) +

and

b
Un(g) ~= < [ f@)ds < Ln(g) +=
Then taking the union P; and Ps,
b b

Up,up, (f)+Upup,(9)—2¢ < / f(«’U)dﬂCJF/ g(x)dx < Lp,up,(f)+Lpup,(g)+2¢.
Then we have

b b
(1) Unon(F+9) =2 < [ fado+ [ g@)ds < Laun(f +9) + 2
In particular, it implies that

|UP1UP2 (f +g) - LP1UP2 (f +g)| < 4e.

Hence f + g is integrable. Denote the integral by fab(f + g)(z)dz.

Since Lp,up,(f +g) < f;(f + g)dx < Up,up,(f + g), the inequality (1) also
implies that

/abf(ft)+g($)d$—/:f(x)dx—/abg(x)dx < 9.

Since € is arbitrary, we see that

[ 10+ swrte = [ s@acs [ o)



7. P 235 EX. 5

Proof. We calculate it by using the fundamental theorem of Calculus. Since

g+l ! n
n+1 =T,

b n+1 n+1 n+1
x b —a

/ 2"dr = b = .
a n+1 n+1

8. P 235 Ex. 6

Proof. We calculate it by using the fundamental theorem of Calculus. Since
(sinz)’ = cosz,

b
/ coszdr = sinz|® = sinb — sin a.
a

9. P 235 Ex. 7

Proof. We calculate it by using the fundamental theorem of Calculus. Since
(ez)/ =e’,

b
/ etdr = e*|? = ¥ — .
a

10. P 235 Ex. 8

Proof. Since nz = (zlnz) —z(lnz) = (zlnz) — 21 = (zInz)’ — 1 by the
product rule, we see that

b b
/lnwdx—/((:):lnx)’—l)d:):—blnb—alna—(b—a).

11. P 235 Ex. 10

Proof. We prove it by contradiction. Suppose that f(z¢) > 0. Then by the
continuity of f, there exists § > 0 such that [z¢ — d, 20 + d] C [a, ] and

fla) > f(;o)

, for z € [xg —0/2,20 +0/2].
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We construct a continuous function g such that g is nonnegative and sym-

metric about x = x( satisfying that

) 1
g(.%'()) = 1,9(-%'0 + 5) = 5)

and g(xo £ ) =0,

and g is 0 outside of [xg — 0,29 + d]. Then fg is continuous on [a,b] and

hence is integrable. Then

b z0+6/2 zo+4/2
| t@gtea= [ p@wie =g [

0—08/2 0—0/2

This contradicts to f: f(x)g(x)dx = 0. Hence f = 0.
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