HOMEWORK 2

SHUANGLIN SHAO

1. P63, BEx. 1

Proof. We prove it by contradiction. Assume that there exists a rational
number 7 such that > = 3 and r > 0. Since r is a rational number, then
there exists r = g such that (p,q) = 1, where the notation (a,b) = 1 means
that the greatest common divisor of ¢ and b is 1. Then

p® = 3¢°.
That is to say, p? is a multiple of 3. We may classify p in the following cases,
p=3k,p=3k+1,p=3k+ 2, for integers k.
In the latter two cases
p? = 9k% + 12k + 4, p* = 9k* + 12k + 4,
which are not multiples of 3. So p = 3k. Then we have
¢ = 3k?,

so by the reasoning above, ¢ is a multiple of 3. This implies that 3 is a
common divisor of p and ¢, which leads to a contradiction to (p,q) =1. O

2. P63, Ex. 3

Proof. We prove it by contradiction. Assume that there exists a rational
number 7 such that r3 = 2 and » > 0. Since r is a rational number, then
there exists r = % such that (p,q) =1 Then

P’ =2¢".
That is to say, p® is a multiple of 2. We may classify p in the following cases,
p=2k,p=2k+ 1, for integers k.
In the latter two case
p> = 8k3 + 12k% + 6k + 1,
which is not a multiple of 2. So p = 2k. Then we have

¢ = 4k*,
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so by the reasoning above, ¢ is a multiple of 2. This implies that 2 is a
common divisor of p and ¢, which leads to a contradiction to (p,q) =1. O

3. P64, EX. 8

Proof. We prove it by contradiction. Assume that there exists a rational
number 7 such that 72 = 6 and r > 0. Since 7 is a rational number, then
there exists r = % such that (p,q) =1 Then

p? = 64
That is to say, p? is a multiple of 6. We may classify p in the following cases,

p = 6k,p=06k+ 1,6k + 2,6k + 3,6k + 4,6k + 5 for integers k.

In the latter five case
p® = 36k +12k+1, 36k +24k+4, 36k*+36k+9, 36k>+48k+16, 36k>+60k-+25.
which are not multiples of 6. So p = 6k. Then we have

¢* = 6k?,
so by the reasoning above, g is a multiple of 6. This implies that 6 is a
common divisor of p and ¢, which leads to a contradiction to (p,q) =1. O

4. P64, Ex. 9

Proof. We prove it by contradiction. Assume that r = v/2++/3 is a rational
number. Then 72 = 5 + 2v/6 is also a rational number. Then ’"QT_5 =6
should be a rational number, too. But Ex. 8 shows that it is an irrational

number. So V2 + /3 is an irrational number. O

5. P75-76, Ex. 1.

In the following reasoning, we denote L the greatest lower bound and U the
least upper bound of the sequence.

a) U=1and L =0. U is in the set but L is not.
b) U =10 and L = 1. Both numbers are not in the set.
¢) U=10and L = —1. U is not in the set but L is in the set.
d) U= % and L = —1. Both numbers are in the set.
e) U = v/2 is not in the set. L does not exist.
f) U = —+/3 is in the set but U does not exist.
) U
) U

= 0.1 is in the set and L = 0 is not.
2 is in the set but L = 1 is not.
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v) U =1 and L = —1 both numbers are not in the set.

6. P76. Ex. 2

Proof. Let a and b be the greatest lower bounds of the set A, where A is
given as a nonempty bounded sets of R. Since « is the greatest lower bound,
and b is a lower bound,

a>b;
On the other hand, since b is the greatest lower bound, and a is a lower
bound,

These two inequalities imply

7. P76. EX. 4

Proof. The proof follows by verifying the seven rules in the definition of the
field on page 64. In the proof below, we set v1 = a1 + b1,/p, v2 = a2 + ba\/p
and vz = ag + b3\/p, where a; € Q, b; € Q for i =1,2,3.

F1.
V1 + U9 € (a1 + ag) + (bl -+ bg)\/ﬁ € Q[\/Z_)],
and
v1 X vg = (a1az + pbib2) + /plarbs + azb1) € Q[y/p).

F2.

(v1 + v2) +v3 = (a1 + az + az) + /p(b1 + bz + b3);
and

v1 + ('UQ + 1)3) = (a1 + a9 + ag) + \/f)(bl + by + bg),
So

(v1 + v2) + v3 = v1 + (v2 + v3).
On the other hand
(v1xv2) xv3 = ajazaz-+pbibaaz+paibabz+pasbibz++/p(a1az2b3+pbi1bobz+aibraz+azbias).
and
v1 X (v2Xv3) = ajagaz+pbibaas+paibabz+pasbibs++/p(a1azbz+pbibabs+aibaaz+azbiaz).

So
(v1 X v2) X v3 =1 X (V2 X V3).
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F3.
v1 +v2 € (a1 + az) + (b1 + b2)y/p; v2 + v1 = (ag + a1) + (b1 + b2) /.

So
v1 +v2 = v2 + 1.
On the other hand,

v1 X vg = (a1az + pbib2) + /p(a1bz + azby).

and
Vg X U] = (alag +pb1l)2) + \/ﬁ(albg + agbl).
So
V1 X Vg = V2 X V1.
F4.

v1 X (v2 +wv3) = (a1 + b1/p) X (a2 + az + /p(b2 + b3))

= ajaz + araz + pbiba + pbibs + \/p(azb1 + azby + aiby + a1b3).
On the other hand,
V1 X V2 + V1 X v3 = a1az + ajaz + pbiby + pb1bz + /p(azbi + azbi + a1ba + a1bs).

F5.
0:=0+0yp € Q[/p], for this element, v + 0 = v.

1:=1+40/p € Q[/p], for this element, v x 1 = v.

F6. Given v; € Q[/p],
—v] = (—al) + (_bl)\/f)'

Then we can verify that
U1 + (—Ul) =0.

F7. Given v = a + b\/p € Q[/p] with a,b € Q and v # 0. Note that the
condition v # 0 will give a # 0 or b # 0; otherwise v = 0. So we also have

a—0byp#0.

We compute that

1 B a—by/p _a-— by/p B a B b P
a+by/p (a+by/p)a—byp) a?—pb> a?—pb> a?— pb? Py
which is the inverse of v because both _* and —————— are rational

a2 — pb? a2 — pb?
numbers.

That Q[,/p] is an order field follows from the fact that the real numbers R
is an ordered field, and Q[\/p] C R. O



8. P76 Ex. 7.

Proof. Proof of a). Define the set
S:={ueR: (—oo,u) C M}.

The set S is not an empty set by the condition. Secondly S must be bounded
above; otherwise if (—oo,u) C M for any u € R, then for any = € R, since
x € (—oo,xz + 1) and (—oo,z + 1) C M, we have « € M. This implies that
R C M, which contradicts to that M # R. So S is bounded above. By the
completeness axiom, there exists U € R, the least upper bound of S. We
show that (—oo,U) C M: for any = € (—oo,U), z < U. So for e = U — x,
there exists u € S such that

u>U—-(U—z)=ux.

In others’ words, x € (—oo,u). u € S implies that (—oo,u) C M. Sox € M.
Hence

(—o0,U) C M.
Proof of b). If (—oo,7) C M, then by definition of S, r € S. Of course
r < U because U is an upper bound of S. O
9. P76 Ex. 8.

Proof. When a > 0, the set is unbounded above. When a < 0, the set
is unbounded below. We only prove the former claim. The proof for the
second follows similarly.

When a > 0 and given any M > 0, by Theorem 6.3.2, there always exists
an integer N such that

N > M-b
a
that is to say
aN +b> M.
This proves the set {an +b: a > 0} is unbounded above. O
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