HOMEWORK 3

SHUANGLIN SHAO

ABSTRACT. Please send me an email if you find mistakes. Thanks.

1. P91. EXERCISE 7.1

For convenience of writing, we will replace n’ by N in the reasoning below.

(b) {2n1+3} — 0.
Given any € > 0. We need to find N > 0 such that for any n > N,
1
2n+3 0 =e

That is to say,

<e =2 >1 3, = >1 3
€ n>=— n>———.
on+3 - e ’ — 2 2

From this , we may take N = [5- — 3| + 1, where [z] denotes the greatest
integer less than or equal to z, for instance, [3.5] = 3,[—1/2] = —1. In the

case of [2—16 — %] +1 <0, we take N = 1. So we may take

1 3
N = — 2l 41,1y,
o [ =2+ 11}

Now we formally write: for any € > 0, there exists N = max { [2—18 — %] +1,1
such that for any n > N,

1
2n+3 0 <e

So
1

nLH;O2n+3 -

=5 7
(d). 5577 — 5

As above, given any € > 0. We need to find N > 0 such that for any n > N,
™m—-5 7

Sn+7 5
1

<e.



That is to say,

74 <
— <e¢
5(5n+7) —
— [ _7 i C T .
So we may take N = [255 5] 4 1 in the case where [255 5] +1>1;

otherwise we take N = 1.

We formally write: for any € > 0, there exists N = max { [27—;:_ — g] +1,1
such that for any n > N,

m—5 7
— <€
S5n+7 5 T
So
™m—2>5 7

im = -,
n—socobn+7 5

(f). Given e > 0. We need to find N > 0 such that for any n > N,

m2—1 2 -
-3 €
3n2+2 3 —

That is to say,

\V)

n?> — .
~ 9 3

When9—76—%SO,wetakeNzl;otherWiseN:[ 9—76— }—i—l.

T

We formally write: for any € > 0, there exists N = max{1, [\ / é - %] +1}
such that for any n > N,

m2—1 2 -
5 5 5 €.
3n2+2 3 —
So
2n® —1 2

im ——— = —-.
n—soo3n?2 42 3
(h). Given € > 0. We need to find N > 0 such that for any n > N,

n

nZ—1

-0 <e.

Forn > 2, 5 > 0. Then%§n2—1§n2. Thus

™3
m | =

<n’=n>

So we may take N = [%] + 1.



We write: for any € > 0, there exists N = [%] + 1 such that for any n > N,

n

-0 <e.
n? — -

So

n

=1

(j). Given any ¢ > 0, we need to find N > 0 such that for any n > N,

n

—_— 0 <e
n2—n+1 ¢

This implies that
B2 _pr1<n®41<202
g

Son > 2—16 We may take N = [2—16} + 1.

We write: for any € > 0, there exists N = [21?] + 1 such that for any n > N,

n

— -0 <e.
n2—-—n-+1

Hence n
nh—>rgon2—n+1 =0

(1). For any € > 0, we need to find N > 0 such that for any n > N,

M — } < e.
3yn—30 3 —
That is to say
11 <
— <e.
3y/n—30 —
When n > 200, 3\/%71_30 > 0. So
11 11 2
vn>—+10,=n > <+1o> )
3e 3e
We may take

N = + 1.

1 + 10 i
3e
We formally write: for any € > 0, there exists N = [(% + 10)2} + 1 such

that
M_l <e.
3yn—30 3 —
3




So
vn+1 1

lim = —,

n—oo 3y/n —30 3

2. P 91. Ex. 2.

Proof. We may assume that A > 0. lim, ,o a, = A. Then for ¢ > 0 but
e < %, there exists N > 0 such that, for any n > N,

lap, — Al <e,=A—e<a, <A+e.

Fixing N. Then for n > N,

p o mtatotan aitart-day  anviifanieteootan
n — - .
n n n

Since anyyj > A—cecfor1 <j<n-—N,

anN+1 tanyo+ -+ ap > (n—N)(A-¢) :(1_5)(14_5)_

n n n
On the other hand, since ayy; < A+cecfor1 <j<n-—N,

aN+1+any2+ -+ ap < (n_N)(A+€) :(1—5)(144—6)
n - n n '

Then we see that
ap+az+---+an
n

N
a1 +az+ +CLN+(1——)(A+5).

N
~ Y A—-e) < b, <
+(1-—)(A—e) < by < . ~

Since limy, o & = 0 for any real number a,

. ai+ay+---+ay N(A-¢) . ar+ax+---+ay NA+e)
lim - =0, or lim -
n—o00 n n n—o0 n n
Then for the same € > 0,
a1 +ag+---+ax  N(A—¢) - aptaz+---+ay N(A+e)
n n n n

= 0.

In particular,

a1+a2+~-—|—aN_N(A—5)>6 a1+a2—|—~~—|—aN_N(A+E) .

n n n n

So
A—2e<b, <A+ 2e.

Thus every interval of A contains almost all terms of {b,}. Hence

lim b, = A.

n—oo



3. P 92, Ex. 4.

Proof. Since a,, — A, then for any € > 0, there exists N1 > 0 such that for
n Z Nlu

lan, — Al <e.
Since a, — B, then for any € > 0, there exists No > 0 such that for n > N,
la, — B| < e.

Then for n > max{Ny, Ny},
|A = B| = |an — A + |an — B| < 2e.

But 2¢ can be arbitrarily small; that is to say, |A — B| can be arbitrarily
small. Then |A — B| = 0, which implies that A = B. O

4. P 92, EX. 6.

Proof. Tt is already known that A is an upper bound of S. Then for any
x €S, x < A. In order to establish the claim, we first show one direction.

<. In view of the above, we just need to show that A is the least one
among the upper bounds of S. Given any upper bound b of S.

We assume that (a) holds: A € S. Then A < b, which says that A is the
least upper bound.

We assume that (b) holds. A is the limit of some sequence {a,} € S. Since
an € S, then a,, <b for all n. Then
Iim a, <b,= A <bh.

n—oo

This also implies that A is the least upper bound.

=. Assume that A is the least upper bound of S. There are two possi-
bilities: either A € S or A is not in S. If A € S, then that is the case (a).
If not, for any positive integer n € N, A — % is not an upper bound of S
because A is the least upper bound of S. That is to say, there exists a,, € S

such that .
anp > A——.
n

So . .
A——<a, <A<A+—.

n n
This says that every interval of A contains almost all terms of {a,}. Hence

lim a, = A.
n—oo

This establishes (b). O



5. P 99. Ex. 1

(b). S
2 1 3+ 5+ 52
hmw: hmnil#:%:g.
n—00 n2+1 n—o00 1+ﬁ 1
(d).

. (1/2)" +3sinn 1 n, 3 . . 3 .
nhﬁnolo N —Jgngoﬁ(l/Q) —l-ﬁsmn—o—f—nlgglo%smn—o
as

5 sinn < 5

— sin — .

Jn = n
().

241 (2/3) 437040
nggo?)”—l_n—wo 1-3—"n S 1-0

as 2/3 <1land 1/3 < 1.

0

(h). By the same reasoning as (f), the limit is zero too.

(j). The sequence diverges. For n > 2,

n™ > 2" lim 2" = oc.
n—oo

(n). We know that

#(0) G () ) )=

Then we see that

n? 6>
— < — 0, as n — oo.
2" " n(n—1)(n—2)

Thus )

. n

SRS T
(p)-
nl 1x2x3x4x5x6x---x(n—1)xn 1 2 3 4 5
— = =X XX — X
2n 2xX2x---x2 2 2 2 2 2
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Since g > 2 for k > 4, we see the above is less than

1 3 3

—x ox2m3 = gn3,
22 4
Then
. nl
ST
6. P99. Ex. 3.
Proof.
Qan
vn+ap —vn= — 0,
n— Vn+ap, ++/n
as n — 0o. U
7. P99. EX. 5.
Proof. We assume that {i} converges to A. Then since 1 = a, X i, by
the limit theorem, we see that
1
1= lim ap, X lim —=0xA=0,
n—o0 n—00 (y,
which is a contradiction. So {i} diverges. O
8. P99, Ex. 7

This follows directly from the limit theorem.

9. P100. Ex. 10.

Proof. {b,} diverges.

{an} — 1. Then for all large n, a,, > 4. Then
by = na, +n’a >E+T£butﬁ+nfz—>oo
no =Ty 24 '

This shows that

lim b, = cc.
n—oo



10. P100. Ex. 12.

Proof. We begin the case where p = 1. Then we have {a,} — A and ask

what is the limit of
ag+ay+---+ap

n

The limit is A by Ex. 2 on page 91.

When p > 1, the limit is 0 as

e L Y
Z’Z}?ak = Zk;loak —S0x A=0.

When p < 1, the sequence diverges. We may assume that A > 0.

> ko Tk — plop > k0 Wk > pl-p

np n

diverges. So the original sequence diverges, too. ([

Xi

The sequence n'~—? %

11. P100. Ex. 13.

Proof. We assume that a, = (—1)". Then

n
Zak =0, when n is even,= —1 when n is odd.
k=0
So the sequence
1 o 1
ﬁZak Sﬁ%(), as n — oo.

k=0
So

1 n
lim — ar = 0.
n—oo NP kzﬂ k

12. P 101. Ex. 25.

Proof. We first observe that a,, > 1. We assume that a, = 1 + «a,, with
oy, > 0 for all n. Then
ap =14 an)" =n.

By the Binomial Theorem,

n
(1+an)”=1+nan+<2>ai+---+aﬁ.

8



Every term in the summation is non-negative, then

n\ o 2
9 angnéangn_l.

So a,, — 0, which in turn implies that a,, — 1. O

13. P 101. Ex. 27.

Proof. We first follow the hint. Since 0 < a < 1, there exists 0 < h such

that a = lJ%h Then

na" = i < " = 2n —0
C(L+h) T (B2 n(n—1)h?

as n — o0o. This shows that lim,,_,, na”™ = 0.

Secondly we can also use the result in Ex. 25: lim, . "y/n = 1. Let
an = "y/na. Then
O0<ap—a<l.

So for all sufficiently large n,
0<a,<a+d<1, for some é > 0.

Then
0<ay,=na"<(a+6)",a+d<1
Then

lim na™ = 0.
n—oo

14. P 101. Ex. 28.

Proof. We still use Ex. 25. Since "y/n = 1, then for any fixed integer k,
"k = (")t 51k =1,

as n — oo. If letting a,, = "Vn*a, then a,, — a as n — oo. Then the rest
proof follows similarly.

We can also use the Binomial theorem. Choose n > 2k. Let ¢ = IJ%,Z Then

k n nk n (k+1)!
nas = n = n K+l n(n—1)---(n—k+1)
A+h = (7 )k D)kt D) oy kL

n

which goes to zero as n — co. Then

lim nfa™ = 0.
n—oo



15. P 101. Ex. 35.

Proof. Since the relation a1 = *- L holds for all n, then

a, 1 A1 1 1 Ap—9 1 1 1

1Ty T 9T T T2 g 98 8

ag 1 1 1
:2n+1_2nﬁ_27n_“._§
ag 1
= g1 — (1= )
So
lim a, = —1.
n—o0

16. P 101. Ex. 35.

Proof. The proof follows similarly as in Ex. 35. We omit it.
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