
HOMEWORK 5 

SHUANGLIN SHAO 

1. P119. Ex. 1 

(b). X 3 
(− )n . 

4 

This series converges as | − 3 
4 | < 1 and in fact X 3 1 1 4 

(− )n = = = . 
4 1 − (−3/4) 7/4 7 

Note that the series begins with a0 = (−3/4)0 = 1. P� � P1 
2)

n + 12( 1 
3)

n 1 
2)

n(f). The series 5(P converges as each of the terms 5 ( 
and 12 3

1( )n converges: X X1 1 3 1 
)n )n5 ( = 5 × = 3; 12 ( = 12 × = 12 × 4 = 48. 

1 − (−2 
3)

3 
4

2 4 1 − 

So X� � 
1 1 

5( )n + 12( )n = 3 + 48 = 51. 
2 3 

2. P119&P120 Ex. 2 

P −3/2b). The series n converges as 3/2 > 1. 

−3/4 3/2d). By Proposition 9.1.3, the series diverges as an = 5n + 2n does 
not converges to zero as n goes to infinity. P P5 

n 
4 
nf). The series converges because both and converge. 2 3 

h). By Proposition 9.1.3, the series diverges as an = (−1)n does not con-
verges to zero as n goes to infinity. 
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3. P120. Ex. 7 

Proof. For x ∈ [n − 1, n], 

1 1 
n(ln n)p ≥ x(ln x)p, ⇒ ≤ . 

n(ln n)p x(ln x)p 

Then X Z ∞1 1 ≤ dx. 
n(ln n)p x(ln x)p2 n≥3 

Evaluating this integral requires some calculus: for p > 1, Z ∞ Z ∞ Z ∞1 1 1 (ln 2)−p+1 

dx = d ln x = dt = < ∞. 
x(ln x)p (ln x)p tp p − 12 ln 2 ln 2 

So X X1 1 1 1 (ln 2)−p+1 

= + ≤ + . 
n(ln n)p 2(ln 2)p n(ln n)p 2(ln 2)p p − 1 

n≥2 n≥3 

In this case, it converges. 

When p ≤ 1, for x ∈ [n, n + 1], 

1 1 
n(ln n)p ≤ x(ln x)p, ⇒ ≥ . 

n(ln n)p x(ln x)p 

Then Z ∞X 1 1 ≤ dx. 
n(ln n)p x(ln x)p2 n≥2 

Evaluating this integral requires some calculus: for p = 1 and any M > 0, Z M Z ln M Z ln M1 1 1 
dx = d ln x = dt = ln ln M − ln ln 2 

x(ln x) (ln x) t2 ln 2 ln 2 P 1which will exceed any finite number as M goes to infinity. So n(ln n) 
diverges. 

for p < 1, Z M 1 
Z ln M 1 

Z ln M 1 1 1−p|ln M (ln M)1−p − (ln 2)1−p 

dx = d ln x = dt = t = .ln 2 x(ln x)p (ln x)p tp 1 − p 1 − p2 ln 2 ln 2 P 1which will exceed any finite number as M goes to infinity. So also n(ln n)p 

diverges in this case. 

� 
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4. P120 Ex. 11 

1Proof. Since an+1 − an = and a1 = 1, the sequence {an} is strictlynan 

increasing and an ≥ 1 for all n ∈ N. 

We prove {an}n≥1 diverges by contradiction. If the sequence {an}n≥1 is 
bounded above by M , 0 < M < ∞, then 

1 ≤ an ≤ M for all n. 

So 

a1 = 1, 

1 1 
a2 − a1 = ≥ 

na1 M × 1 
1 1 

a3 − a2 = ≥ 
na2 M × 2 

· · · 
1 1 

an − an−1 = ≥ . 
na1 M × (n − 1) 

Hence � � 
1 1 1 

an ≥ 1 + 1 + + · · · + . 
M 2 n − 1 P∞ P1 n 1Since diverges, the partial sum sn = converges to ∞. This n=1 n k=1 k 

proves that {an}n≥1 is not bounded. A contradiction. � 

5. P120 Ex. 12 

Proof. {an} converges. 
We prove this by using the Monotone convergence theorem. Firstly an ≥ 1 
for all n and 

1 
an+1 − an = > 0. 

n2an 

So {an} is increasing. 

Secondly since an ≥ 1 for all n ≥ 2, 

1 1 1 1 1 
an+1 − an = ≤ 

2 < = − . 
n2an n n(n − 1) n − 1 n 
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In particular, for n ≥ 2, 

1 1 
an+1 − an ≤ − , 

n − 1 n 
1 1 

an − an−1 ≤ − 
n − 2 n − 1 
1 1 

an−1 − an−2 ≤ − 
n − 3 n − 2 

· · · · · · 
1 1 

a3 − a2 ≤ − . 
1 2 

a2 = 1 + 1 = 2. 

Adding all these together, we have, 

1 
an+1 ≤ 1 + 2 − ≤ 3. 

n 
This implies {an} is bounded above. So it converges. � 

6. P120 Ex. 13 

Proof. We write out 

1 1 1 1 
d2m = 1 + + · · · + + + · · · + 

2p 2(m−1)p (2m−1 + 1)p 2mp 

1 1 
= d2m−1 + + · · · + 

(2m−1 + 1)p 2mp 

1 × 2m−1≤ d2m−1 + 
(2m−1 + 1)p 

1 ≤ d2m−1 + . 
2(m−1)(p−1) 

for all m ≥ 1. Note that this is slightly different than the conclusion in (a). 

(b). For m ≥ 1, 

1 
d2m − d2m−1 ≤ ,

2(m−1)(p−1) 

1 
d2m−1 − d2m−2 ≤ ,

2(m−2)(p−1) 

1 
d2m−2 − d2m−3 ≤ ,

2(m−3)(p−1) 

· · · · · · 
1 

d3 − d2 ≤ 
2p−1 

d2 − d1 ≤ 1. 
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So 
1 1 1 

d2m < 1 + 1 + + · · · + = 1 + . 
2p−1 2(m−1)(p−1) 1 − (1 )p−1 

2 

For any n ∈ N, there exists m ∈ N such that 

2m−1 ≤ n ≤ 2m . 

So 
1 

dn ≤ d2m ≤ 1 + , 
1 − (1 )p−1 

2 

which implies that {dn} is bounded for p > 1; on the other hand {dn} isP 1strictly increasing. So limn→∞ dn exists. Since dn is the partial sum of np ,P 1 
np converges. � 

7. P123. Ex. 1 

P na). n+2 diverges as limn→∞ an = 1. P n!d). converges. nn 

n! 1 × 2 × · · · × n 1 × 2 3 4 n 2 
= = × × · · · × ≤ . 

nn 2 2n × n × n × · · · × n n n n n n P 2 n!Since 2 converges, nn converges. n P n2+1g). diverges as
3n3−n 

n2 + 1 n2 1 1 ≥ = . 
3n3 − n 3n3 3 n P P1 n2+1Since diverges, so diverges. n 3n3−n P 

j). 3 converges as 
n2+1 X 3 3 ≤ . 

n2 + 1 n2 P 1 P 3Since converges, converges. 
n2 n2+1 P� � 
1 √ 1l). √ − converges as 
n n+1 

1 1 1 (n + 1) − n 1 √ − √ = p √ √ ≤ . 
n n + 1 n(n + 1) n + 1 + n 2n3/2 

P� �P 1 1Since converges, the series √ − √ 1 converges. 
n3/2 n+1n 
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P� � 
1 1n). − converges as n n+1 

1 1 1 1 − = < . 
n n + 1 n(n + 1) n2 

8. P123. Ex. 2 

√ nProof. We let bn = an. Since bn ⇒ q and 0 ≤ q < 1, then by the 
1−qdefinition of limits, for ε = 2 , there exists N such that for all n ≥ N , 

1 − q 1 + q|bn − q| < ε, ⇒ bn < q + ε = q + = < 1. 
2 2� �n1 + q 

an = bn
n < . �P� n P 

2 
1+qSince 2 converges, an converges. 

q−1By the reasoning above, for ε = , there exists N such that for any n ≥ N ,2 

1 + q|bn − q| < ε, ⇒ bn > q − ε = > 1. 
2 

Then 
= bn ≥ 1.an nP 

Since an ≥ 1, an diverges. � 

9. P123. Ex. 3 

P P 
Proof. Since an ≥ 0 and an converges, we let M = an. Then 

M ≥ 0 and an ≤ M for all n. 

Then 
a 2 ≤ Man.nP P 

2Since M an converges, a converges. �n 
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