HOMEWORK 5

SHUANGLIN SHAO

1. P119. Ex. 1

(b).

This series converges as | — 3| < 1 and in fact
Z<_§)n:¥zizé
A T I (=3/4) T4 T
Note that the series begins with ag = (—3/4)" =

(f). The series Y (5(3)" + 12(3)") converges as each of the terms 5 ) ($)"
and 12 3"(3)" converges:

52(%)71: ¢—3 122 —12><

So

:12><4:48.

> <5(;)” + 12(?})“) =3 +48 = 51.

2. P119&P120 Ex. 2

b). The series 3 n~3/2 converges as 3/2 > 1.

d). By Proposition 9.1.3, the series diverges as a, = 5n3/% 4+ 2n3/2 does
not converges to zero as n goes to infinity.

f). The series converges because both Y = and Y o

3 converge.

h). By Proposition 9.1.3, the series diverges as a, = (—1)" does not con-
verges to zero as n goes to infinity.
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3. P120. Ex. 7

Proof. For x € [n—1,n],
1 1
< .
n(lnn)? = z(lnx)p

1 e 1
Z n(lnn)p §/2 a:(ln:n)pdx

n>3

n(Inn)? > z(lnz)?, =

Then

Evaluating this integral requires some calculus: for p > 1,

(] 1 o0 1 o) —p+1
/ dw—/ dlnx—/ ldt:%<oo.
9 x(lnz)P m2 (Inx)P m2 tP p—1

So

1 1 1 1 (In2)~#+L
Z n(lnn)p - 2(In2)P * Z n(lnn)? = 2(In2)P + -1
n>2 n>3 p

In this case, it converges.

When p <1, for z € [n,n+ 1],

1 1
(Inn)? — z(lnx)P’

1 * 1
Z n(lnn)p </2 x(lna:)l’dx

n>2

n(lnn)? < z(lnz)?, = -

Then

Evaluating this integral requires some calculus: for p = 1 and any M > 0,

M 1 In M 1 lan
/ dx:/ dln:rz/ —dt=InlnM —Inln2
o z(lnz) m2 (Inz) In2 t

which will exceed any finite number as M goes to infinity. So >

n(lnn)
diverges.
for p < 1,
/M R S /lnM U e — /lnM 1. Ltl—ppnM _ (InM)'~P — (In2)'7
2 m(ln x)p n2 (]n $)p o 1P 1—p In2 1—p .

which will exceed any finite number as M goes to infinity. So ) m also
diverges in this case.
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4. P120 Ex. 11

Proof. Since ap11 — ap = % and a; = 1, the sequence {a,} is strictly

increasing and a, > 1 for all n € N.

We prove {ap}n>1 diverges by contradiction. If the sequence {ay},>1 is
bounded above by M, 0 < M < oo, then

1 <a, <M for all n.

So
a1:1,
1 S 1
as —ay = —
2 ! nap ~ M x1
1 S 1
ag —as = —
3 2 nay ~ M X2
1 S 1
(i an_l_nal_Mx(nfl)‘
Hence

ST S

a — f— .. — .

"M 2 n—1

Since Yo | 1 diverges, the partial sum s, = Y ,_; + converges to co. This
proves that {ap},>1 is not bounded. A contradiction. O

5. P120 Ex. 12

Proof. {a,} converges.
We prove this by using the Monotone convergence theorem. Firstly a, > 1
for all n and

1

=—>0.
n2ay,

Gp+1 — an
So {ay} is increasing.

Secondly since a, > 1 for all n > 2,

1 1 1

1
T nZa, —n2 nn—1) n—-1 n’
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In particular, for n > 2,

1 1
Ap+41 an < -,
n—1 n
< 1 1
“n an_l_an n—1
1 1
an_l_an_Q_n—ZS_n—Q
<1 1
as — a B
L )
as=14+1=2

Adding all these together, we have,

1
anty1 <14+2—-—<3.
n

This implies {ay} is bounded above. So it converges. O

6. P120 Ex. 13

Proof. We write out

11 1 1 1
om = +§+'“+2(m71)p+ (2m—1+1)p+'”+27p
1 1
:d2m71+7+...+7
(2m=141)p 2mp
1 m—1
S defl + m X 2
1
S d?m—l + 2(m71)(p71*) .

for all m > 1. Note that this is slightly different than the conclusion in (a).

(b). For m > 1,
d d < 1
20 = om=1) (1)
1
dszl - d2m—2 S W,
1

d2m—2 - d2m—3 S W,

d3 —dy < —
do —dp <1.



So
1 1

gt

For any n € N, there exists m € N such that
2m—l <p < 2™,
So
1
=

which implies that {d,} is bounded for p > 1; on the other hand {d, } is

strictly increasing. So lim,,_,~ d,, exists. Since d is the partial sum of 3 -1 5
1

o5 converges. U

dn§d2m§1+

7. P123. Ex. 1

a). >, s diverges as limy, o0 an = 1.

d). Z I converges.

n! I1X2Xx---xn 1x23 4 n _ 2
_— = = 3 *X*X'-'ngﬁ.
n" NXNXNX-+XnN n® n n no-n
. |
Since ) % converges, & CONverges.

g) D g “+L diverges as

n?+1 - n2 11

33 —n ~ 3n3  3n’

Since 3° L diverges, so >3 Sl -~ diverges.

N n2i+1 converges as

3 3
< —.
YIS w

Since Z converges, » n2i+1 converges.

. > <ﬁ — ﬁ) converges as
1 1 1 (n+1)— 1
N \/n+1 Vn(n +1) \/n+1+f 2n3/2

1
n+1

: 1 . 1
Since ) —7 converges, the series ) (ﬁ - ) converges.
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n). >, (% - ﬁ) converges as
1 1 1 1

= < —.
n n+l nn+1) n?

8. P123. EX. 2

Proof. We let b, = ™\/a,. Since b, = ¢q and 0 < ¢ < 1, then by the
definition of limits, for € = 12;‘1, there exists IV such that for all n > N,

1—gq 1+4¢
- = <
2 2

1 n
an:b2<<;q> .

n
Since (12ﬂ> converges, » @, CONVerges.

b, —ql <e,= b, <q+e=q+ 1.

By the reasoning above, for ¢ = ‘%1, there exists IV such that for any n > N,

1+
]bn—q|<€,:>bn>q—€:Tq>1.

Then

Since a,, > 1, Y a, diverges. O
9. P123. EX. 3

Proof. Since a,, > 0 and ) a,, converges, we let M = > a,. Then
M >0 and a,, < M for all n.

Then
a’ < Ma,.

Since M Y a,, converges, > a2 converges. O
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