HOMEWORK 1

SHUANGLIN SHAO

1. P 229. # 7.1.2.

29945
Proof. (a). Let fu(z) = TR Then

fn — $33

as n goes to infinity. We estimate the difference,

5
= ) )
33 n
) —x = < < —

for all = € [1, 3], which goes to zero as n goes to infinity. Thus for any € > 0,
there exists N € N such that for any n > N,
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n

This proves that f,, converges to 233 uniformly on [1, 3] as n goes to infinity.

Therefore
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lim %dm = / 23dr = .
n—oo [; X + nx 1 34
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(b). For 0 < x <2, ewn >1; then we have

12 12 4
en —1 =en —1<en —1.

The sequence {e% — 1} goes to zero as n goes to infinity. By a similar proof
2

in part(a), e goes to 1 uniformly as n goes to infinity. Therefore

lim (er/"dac = /(eod:v = 2.
n—oo
(c). For0<z<3,

sin £ 3
il tr+1-varl = [sin | < sin —,
n \/s<nfb+x+1+\/x+l n
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if n > 100. The sequence 3 ooes to zero as n goes to infinity. By the proof
in part (a), no 4+ 1 converges to zero uniformly on [0, 3]. Thus

3
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lim ( sin$+x—|—1d:c:/ va+ ldr = —.
n—00 n 0 3

2. P229. # 7.1.3.

Proof. If f,, converges to f uniformly on E, then by the uniform Cauchy
criterion, for any 1 > € > 0, there exists N € N such that for any m,n > N,

Let m = N + 1. Then

|fu(@)] < [fn41(@)] + € < | (@) + 1.

Each f, is bounded for 1 <n < N + 1. Thus {f,} is uniformly bounded on
E.

On the other hand, to show that f is bounded, we use the uniform conver-
gence of f,, to f. We omit the details. ([l

3. P230. # 7.1.6.

Proof. The sequence {f,} converges to f uniformly on E: for any € > 0,
there exists NV € N such that for any n > N,

(@) — fl2)] <€/3.

For fy and for the same e > 0, there exists 6 > 0 such that for |z — y| < 9,

[fn(@) = n(y)l < €/3.

Therefore
(@) = fW)l = |f(z) = fn(z) + fn(z) = [n(y) + In(y) — f(Y)]
<|f(@) = fn(@)] + [n(z) = @)l + [N ) = f)]
< 3 x %

Thus f is uniformly continuous on FE. O
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4. P230. # 7.1.8.

Proof. Let fn(z) = (1+ 7)"e™®. For = a, fu(a) converges to 1 as n goes
to infinity. Each f, is differentiable on (a,b). Next we show that f (z)
converges uniformly on (a,b):
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since (1 + £)" is increasing and converges to e*. Therefore f;(z) converges
uniformly on (a,b). By Theorem 7.12, f, converges uniformly on (a,b).

Thus
lim ((1 + f)”e_’”dm = /{(1d$ =b—a.
n—00 n

5. P230. # 7.1.10.

Proof. The sequence f,, converges to f uniformly on E: for any € > 0, there
exists N € N such that for n > N,

[fu(z) — f(z)] <e€/2,
ie, —€/2+4 f(z) < fu(z) < f(z) + €/2. We split the terms as follows.
fi(@) + fo(@) + - + ful@)

: - @)
_h@)+ et fyea(@) | fv(@) e fle) = nf (@)
— (o) + D) TS @)

This implies

gu() - plar D ejp < HDFRD Iy < g 0) N ) Nyepa

Since each f,, is bounded and f,, converges uniformly to f(z), f is bounded.
Moreover,

lim g, (z) — %f(:r) + Ne =0= lim g,(x) — Ef(m) Ne
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Therefore for the same € > 0, there exists N1 € N such that for n > Ny,

N N N N
5 <n(@) = @)+ 5 < /2 /2 < gnlw) = (@) = 5 < /2.
We take n = max{N, N;}. For n > N, we have
< DEERE L E MO ) <o
Therefore
i D)o@ £ )

n—00 n

6. P230. # 7.1.11.

Proof. The sequence f, converges to f uniformly on F and each f, is inte-
grable and hence is bounded; thus f is bounded by M > 0, i.e., |f| < M for
some M > 0. On the other hand, we have

lim b, =1,

n—o0

hrn fn(x) = f(x), uniformly on E,

hm fn dx—/f

The last one is implied by the second one. Note that b, is increasing. So
for any € > 0, there exists N € N such that for n,m > N

€
by — 1] < =,
(@) — f()] < % for all = € E,

/ fn(:v)dm—/(fm(x)dx < %

Taking m = N. Then

bn
0 fn dx_/ f
bn 1
= /( fn(z)de — fN(:B)d:U—I— fN(l‘)dff—/ f(x)dx
0 0 0
= /O () — fr(@))dz + /("(fm — f(@))dx + /{f(x)dfv

bn bn
< / Ful) — fv(@)lde + / () — F@)ldz + M(1 - by)

< =-X3=¢€.



To conclude,

lim fn )dx = / f(z
n—oo
This completes the proof. O

7. P235. # 7.2.1

Proof. (a). Let xg be a point in the bounded interval in R. Then for
sufficiently large k,

k2T k2
By the comparison test, the series Y o, sin 73 converges absolutely and
hence converges at xo. On the other hand, let fi(x) = sin i3,

1
filw) = 1 cos 5.
Therefore |f;(z)| < 1z L for all x in the bounded interval. By the Weierstrass

test, > f1.(x) converges uniformly. Thus Y2, fx(x) converges.

(b). For all z in this closed subinterval of (0, co),

efk:t < efka

)

where a is the left endpoint of this interval. We claim a > 0. Indeed, the
interval is contained in (0,00) and so @ > 0. If a = 0, the interval is open
on the left endpoint. Thus a > 0.

Therefore by the Weierstrass test, Y oo e ** converges uniformly. O

8. P236. # 7.2.4.

Proof. Since <k < % the series 20 . €SEZ oonverges uniformly on R.
k k=1 k& Yy

Therefore a




9. P236. # 7.2.7

Proof. Let M > 0 be the bound of g; on E and the partial sum S, (z) of
Y ney fe(x). Let S(z) be the uniform limit of the series Y 2, fx(x). The
series f = Y 12, fr(x) converges to S(z) uniformly on E: for any ¢ > 0,
there exists N € N such that n >m > N,

€

S0(#) = Sm1(@)] < =
and .
[Sm-1(2) = S(@)] < 50
for all x € E. Then
> (k(l')gk(fﬁ)
k=m
n—1
= Su(@)gn(x) = Sm1(2)hm () + Y ﬁk(ﬂf) (gr(z) — grt1(2))
k=m

n—1
= (Sn(@) = Sim-1(2))gn () + Sm-1(2)(gn(x) — gm(x)) + > fk(x) (9k(2) — grt1(2))
k=m
= [(Sn(2) = Sm-1(2))gn(z) + (Sm-1(2) — S(2))(gn(2) — gm(2))
n—1 n—1
+ ) (=9 (gr(x) = grar(x)) + k(@) (gk(2) — grt1(2))
k=m

= [(Sn(@) = Sm—1(2))gn(2) + (Sm-1()

< M|Sp(2) = Spo1(2)| + —— x M + —— x M

3M T30 T 3M
for all # € E. By the Uniform Cauchy Criterion, > 27, fix(z)gx(z) converges
uniformly on E. O

10. P236. # 7.2.10

Proof. Let g,(z) = (Ztl fk(:n))% . Since 0 < fi(z) < fry1(2),

gn (@) (nf2(2))7 = i folx) < 2fn(@)
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for n large enough because lim,, n= = 1. Since fn converges to f uni-
formly on [a, b], g, converges uniformly on [a, b]. Therefore lim,, o f; gn(x)dx
exists and equals f: limy, 00 gn(z)dz.

Since lim,_ o0 nn = 1, for any € > 0, there exists N € N such that for
n>N,

nw <1 + €.
So gn(z) < (1 +€) fn(x) and hence

/ﬂ(gn(x)dx <(l4¢) /( fn(z)dz

Taking limits on both sides,

/( dim_ gn(z)de < (1+€) / ' f(w)da.

Since € > 0 is arbitrary,

/<n1grolo on(@)dz < /  fa)de

Since frt+1 > fe(z) >0 on [a,b],

1
n n N-1

Z(:m) = fulz) + Z(fm))
k=1 k=1 k=N

Therefore taking n — oo,

Taking N — oo,

Therefore
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