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HOMEWORK 1 

SHUANGLIN SHAO 

1. P 229. # 7.1.2. 

99 5 x + 
Proof. (a). Let fn(x) = n 

3 . Then 
66+ x x 

n 

fn → x 33 

as n goes to infinity. We estimate the difference, 
5 5 5 

fn(x) − x 33 = n ≤ ≤ ,
66 + 3 66x nx n 

n 

for all x ∈ [1, 3], which goes to zero as n goes to infinity. Thus for any � > 0, 
there exists N ∈ N such that for any n ≥ N , 

533fn(x) − x ≤ < �. 
n 

This proves that fn converges to x33 uniformly on [1, 3] as n goes to infinity. 
Therefore Z Z3 3 334 − 1nx99 + 5 

lim dx = x 33dx = .
3 + nx66n→∞ x 341 1 

2 

(b). For 0 ≤ x ≤ 2, e 
x
n ≥ 1; then we have 

2 2 x x 4 
e n − 1 = e n − 1 ≤ en − 1. 

4 
The sequence {en − 1} goes to zero as n goes to infinity. By a similar proof 

in part(a), e 
x
n 

2 

goes to 1 uniformly as n goes to infinity. Therefore Z 2 Z 2 
xlim e 
2/ndx = e 0dx = 2. 

n→∞ 0 0 

(c). For 0 ≤ x ≤ 3, r 
x √ | sin x | 3 nsin + x + 1 − x + 1 = p √ ≤ sin , 
n sin x + x + 1 + x + 1 n 

n 
1 



3if n ≥ 100. The sequence goes to zero as n goes to infinity. By the proof p n 
in part (a), sin x + x + 1 converges to zero uniformly on [0, 3]. Thus n r ZZ 3 3 x √ 14 

lim sin + x + 1dx = x + 1dx = . 
n→∞ n 30 0 

� 

2. P229. # 7.1.3. 

Proof. If fn converges to f uniformly on E, then by the uniform Cauchy 
criterion, for any 1 > � > 0, there exists N ∈ N such that for any m, n ≥ N , 

|fm(x) − fn(x)| ≤ �. 

Let m = N + 1. Then 

|fn(x)| ≤ |fN+1(x)| + � ≤ |fN+1(x)| + 1. 

Each fn is bounded for 1 ≤ n ≤ N + 1. Thus {fn} is uniformly bounded on 
E. 

On the other hand, to show that f is bounded, we use the uniform conver-
gence of fn to f . We omit the details. � 

3. P230. # 7.1.6. 

Proof. The sequence {fn} converges to f uniformly on E: for any � > 0, 
there exists N ∈ N such that for any n ≥ N , 

|fn(x) − f(x)| < �/3. 

For fN and for the same � > 0, there exists δ > 0 such that for |x − y| < δ, 

|fN (x) − fN (y)| ≤ �/3. 

Therefore 

|f(x) − f(y)| = |f(x) − fN (x) + fN (x) − fN (y) + fN (y) − f(y)| 
≤ |f(x) − fN (x)| + |fN (x) − fN (y)| + |fN (y) − f(y)|

� 
< 3 × = �. 

3 

Thus f is uniformly continuous on E. � 
2 
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4. P230. # 7.1.8. 

−xProof. Let fn(x) = (1 + x )ne . For x = a, fn(a) converges to 1 as n goes n 
to infinity. Each fn is differentiable on (a, b). Next we show that f 0 (x)n 
converges uniformly on (a, b): 

x x −xf 0 (x) = (1 + )n−1 e −x − (1 + )n en n n 
x x −x = (1 + )n−1(1 − 1 − )e 
n n 

x x 
)n−1 −x = − (1 + e 

n n 
x b ≤ ≤ , 
n n 

xsince (1 + x )n is increasing and converges to e . Therefore f 0 (x) converges n 
uniformly on (a, b). By Theorem 7.12, fn converges uniformly on (a, b). 
Thus Z b b 

n 

Z 
x 

lim (1 + )n e −xdx = 1dx = b − a. 
n→∞ na a 

� 

5. P230. # 7.1.10. 

Proof. The sequence fn converges to f uniformly on E: for any � > 0, there 
exists N ∈ N such that for n > N , 

|fn(x) − f(x)| < �/2, 

i.e., −�/2 + f(x) < fn(x) < f(x) + �/2. We split the terms as follows. 

f1(x) + f2(x) + · · · + fn(x) − f(x) 
n 

f1(x) + · · · + fN−1(x) fN (x) + · · · + fn(x) − nf(x) 
= + 

n n 
fN (x) + · · · + fn(x) − nf(x) 

= gn(x) + . 
n 

This implies 

N N� f1(x) + f2(x) + · · · + fn(x) N N� 
gn(x)− f(x)+ −�/2 ≤ − f(x) ≤ gn(x)− f(x)− +�/2. 

n 2n n n 2n 

Since each fn is bounded and fn converges uniformly to f(x), f is bounded. 
Moreover, 

N N� N N� 
lim gn(x) − f(x) + = 0 = lim gn(x) − f(x) − . 
n→∞ n 2n n→∞ n 2n 

3 
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Therefore for the same � > 0, there exists N1 ∈ N such that for n ≥ N1, 

� N N� N N� − < gn(x) − f(x) + < �/2, −�/2 < gn(x) − f(x) − < �/2. 
2 n 2n n 2n 

We take n = max{N, N1}. For n ≥ N , we have 

f1(x) + f2(x) + · · · + fn(x)−� < − f(x) < �. 
n 

Therefore 
f1(x) + f2(x) + · · · + fn(x)

lim = f(x). 
n→∞ n 

� 

6. P230. # 7.1.11. 

Proof. The sequence fn converges to f uniformly on E and each fn is inte-
grable and hence is bounded; thus f is bounded by M > 0, i.e., |f | < M for 
some M > 0. On the other hand, we have 

lim bn = 1, 
n→∞ 

lim fn(x) = f(x), uniformly on E, 
n→∞Z 1 Z 1 

lim fn(x)dx = f(x)dx. 
n→∞ 0 0 

The last one is implied by the second one. Note that bn is increasing. So 
for any � > 0, there exists N ∈ N such that for n, m ≥ N 

� |bn − 1| < ,
3M 
� |fm(x) − f(x)| < , for all x ∈ E, Z 1 Z 1 
3 
� 

fn(x)dx − fm(x)dx < . 
30 0 

Taking m = N . Then Z Zbn 1 

fn(x)dx − f(x)dx 
0 Z 0 Z Z Zbn bn bn 1 

= fn(x)dx − fN (x)dx + fN (x)dx − f(x)dx 
0 0 0 0Z Z bn 

Z 1bn 

= (fn(x) − fN (x))dx + (fN (x) − f(x))dx + f(x)dx 
0 0 bnZ Zbn bn 

≤ |fn(x) − fN (x)|dx + |fN (x) − f(x)|dx + M(1 − bn) 
0 0 
� 

< × 3 = �. 
3 

4 
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To conclude, Z Zbn 1 

lim fn(x)dx = f(x)dx. 
n→∞ 0 0 

This completes the proof. � 

7. P235. # 7.2.1 

Proof. (a). Let x0 be a point in the bounded interval in R. Then for 
sufficiently large k, 

x0 |x0|
sin ≤ . 

k2 k2P∞ xBy the comparison test, the series sin converges absolutely andk=1 k2 
xhence converges at x0. On the other hand, let fk(x) = sin 
k2 , 

1 x 
f 0 k(x) = cos . 

k2 k2 

1Therefore |f 0 (x)| ≤ for all x in the bounded interval. By the Weierstrass k k2P P∞test, f 0 (x) converges uniformly. Thus fk(x) converges. k k=1 

(b). For all x in this closed subinterval of (0, ∞), 
−kx ≤ e −ka e , 

where a is the left endpoint of this interval. We claim a > 0. Indeed, the 
interval is contained in (0, ∞) and so a ≥ 0. If a = 0, the interval is open 
on the left endpoint. Thus a > 0. P∞ −kx Therefore by the Weierstrass test, converges uniformly. �k=1 e 

8. P236. # 7.2.4. 

P∞cos kx 1 cos kx Proof. Since ≤ 
k2 , the series converges uniformly on R.

k2 k=1 k2 

Therefore Z π ∞ Z π/2
2 X 1 
f(x)dx = cos kxdx 

0 k2 0k=1 
∞ Z πX 21 

= cos kxdx 
k2 0k=1 

∞ Z πX 2 

= 
1 1 

(sin kx)0 dx 
k2 0 k 

k=1 
∞X (−1)k 

= . 
(2k + 1)3 

k=1 

5 
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9. P236. # 7.2.7 

Proof. Let M > 0 be the bound of g1 on E and the partial sum Sn(x) ofP∞ P∞ 
k=1 fk(x). Let S(x) be the uniform limit of the series k=1 fk(x). TheP∞series f = k=1 fk(x) converges to S(x) uniformly on E: for any � > 0, 

there exists N ∈ N such that n > m > N , 
� |Sn(x) − Sm−1(x)| ≤ ,
M 

and 
� |Sm−1(x) − S(x)| < ,

3M 
for all x ∈ E. Then 

nX 
fk(x)gk(x) 

k=m 

n−1X 
= Sn(x)gn(x) − Sm−1(x)hm(x) + Sk(x) (gk(x) − gk+1(x)) 

k=m 

n−1X 
= (Sn(x) − Sm−1(x))gn(x) + Sm−1(x)(gn(x) − gm(x)) + Sk(x) (gk(x) − gk+1(x)) 

k=m 

= |(Sn(x) − Sm−1(x))gn(x) + (Sm−1(x) − S(x))(gn(x) − gm(x)) 
n−1 n−1X X 

+ (−S)(gk(x) − gk+1(x)) + Sk(x) (gk(x) − gk+1(x)) 
k=m k=m 

= |(Sn(x) − Sm−1(x))gn(x) + (Sm−1(x) − S(x))(gn(x) − gm(x)) 
n−1X 

+ (Sk(x) − S(x)) (gk(x) − gk+1(x)) 
k=m 

� � 
< M |Sn(x) − Sm−1(x)| + × M + × M 

3M 3M 
� � � 

< M × + × M + × M = �,
3M 3M 3M P∞for all x ∈ E. By the Uniform Cauchy Criterion, k=1 fk(x)gk(x) converges 

uniformly on E. � 

10. P236. # 7.2.10 

P 1 n nProof. Let gn(x) = ( fk(x)) . Since 0 ≤ fk(x) ≤ fk+1(x),k=1 
1 1 

gn(x) ≤ (nfn(x))n = nn fn(x) ≤ 2fn(x)n 
6 



  
 

1 
for n large enough because limn→∞ nn = 1. Since fn converges to f uni-R b
formly on [a, b], gn converges uniformly on [a, b]. Therefore limn→∞ (x)dxR b 

gna 

exists and equals limn→∞ gn(x)dx. a 

Since limn→∞ nn 
1 

= 1, for any � > 0, there exists N ∈ N such that for 
n ≥ N , 

1 
nn < 1 + �. 

So gn(x) ≤ (1 + �)fn(x) and hence Z b Z b 

gn(x)dx ≤ (1 + �) fn(x)dx 
a a 

Taking limits on both sides, ZZ b b 

lim gn(x)dx ≤ (1 + �) f(x)dx. 
n→∞ a a 

Since � > 0 is arbitrary, ZZ b b 

lim gn(x)dx ≤ f(x)dx 
n→∞ a a 

Since fk+1 ≥ fk(x) ≥ 0 on [a, b], ! 1 ! 1 
n n N−1 n nX X X 

fk
n(x) = fk(x) + fk(x) 

k=1 k=1 k=N ! 1 
n nX 

fn≥ N (x) 
k=N 

1 
≥ (n − N)n fN (x). 

Therefore taking n →∞, Z b Z b 

lim gn(x)dx ≥ fN (x)dx. 
n→∞ a a 

Taking N →∞, Z b Z b 

lim gn(x)dx ≥ f(x)dx. 
n→∞ a a 

Therefore Z b Z b 

lim gn(x)dx = f(x)dx. 
n→∞ a a 

� 
7 
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