HOMEWORK 10

SHUANGLIN SHAO

1. # 11.6.1

Proof. (a). The total derivative of f at (a,b) is

Df(a,b) = < g _51 )

By the inverse function theorem,

et = (0 3 )

(b). We compute (a,b) such that

U+ v =0,
sinu +cosv = 1.

Then

Then depending on where the pre-image of (0,1) under f~!, the total de-
rivative of f has 4 possibilities.

Df(2nm, —2nm) = < 1 (1) >; the inverse is ( (1) _11 ) :

and
11 . . 1 -1
Df(2nm+m/2, —2nm —7/2) = 0 1) the inverse is o 1 )i

and
Df(2nm + 7, —2nw — ) = ( _11 (1) ); the inverse is < (1) _11 >;

and

Df(2nm + 37 /2, —2nm — 31w /2) = ( _11 (1) >; the inverse is ( (1) _11 >

0



2. # 11.6.2

Proof. (a). Let F(x,y,z) = zyz + sin(x + y + z). Then

oF

—(0,0,0) =1.

5, ( )
Then by the implicit function theorem, there exists an open set W C R?
containing (0,0), and a unique continuously differentiable function g on W
such that

z=g(t).

(b). Let F(z,y,2) = 2% + y? + 22 + /sin(22 + y2) + 32 + 4 — 2. Then

OF 3
5,(0.0.0) =7

Then by the implicit function theorem, there exists an open set W C R?
containing (0,0), and a uniquely differentiable function g on W such that

z=g(t).

3. # 11.6.3

Proof. Let f(u7v’w)x7y) = (f17f27f3)|(u,v,w,x,y) such that
fi=w+a® —y+w, fo=0"=yu> —z+w, f3=wr+9° -zt —1.

Then the partial Jacobian at (1,1,—1,1,1) is

qut 220 1 42 1
O fof) _ g sh 1 = 25 1 ——g4
O(u,v,w) 0 0 4w 00 —4

Therefore by the implicit function theorem, there exists r > 0 such that
on B,(1,1) and a unique continuously differentiable function g such that

g(z,y) = (u(z,y),v(z,y),w(r,y)) satisfying
g(1,1) = (1,1,-1).



4. # 11.6.7

Proof. By the implicit function theorem, for 7 = 1,2,--- ,n, there exists
open sets W; containing (ay,as, - ,ay,), an r > 0, and functions g;(u;), C*
on Wj, such that

F(l‘l, e 7xj717gj(uj)’xj+1vl‘j+l7 e ,(En) =0on W]

We have n open sets {W; }1<j<n. The open set W; contains (a1, -+ ,aj—1,aj11, -, an).
So there exists 7, 1 <k < n and k # j such that the Cartesian product

(a1=17, artr9) %X (ajo1=717_y, ajo1+r) )} (@1 =174 s @jra 1)) X (an—1, an )

J
is contained in the ball W;. For a;, we choose r; = min{af 1 <k<nk+#
j}. Then the Cartesian product

(a1 —r1a1+71) X o (a1 —7j-1) X (@41 +7541) X - X (A — T, @n +70)

contains a = (a1, - ,aj, -+ ,an). Therefore there exists B,(a) with r > 0
such that if fixing a;,

(T1,7++,@j-1,a5,Tj41, Tn) € Br(a),= (21, , Tj—1, Tjt1,20) € W
Since 8875-(@) # 0, we decrease the size of r such that on B, (a),
F
a—(x) # 0 for all z € B (a).
axj

We work on B, (a). For j =1, on Wi,

OF  OF 99 _
Therefore
OF
99 _  oua
oz, gTi.
For 2 < j <n,
OF [ OF 39 _ 99 _ o
dr,  Oxedxry Oxp 371?2
a
al’jfl 6$j 81:j,1 - 8;{;]-71 - 8875
Orn-1  Orndzny  Orp1 gTi



Multiplying them together, we obtain
091092 _Ogn  _ (—1)
oxy 01 O0xp—1

for all z € By(a). This proves the claim. O

5. # 11.6.10

Proof. (a). We compute

Df(to) = ( uo ) ” ( 0 )
Then either u/(fo) # 0 or v/(to) # 0.

(b). Suppose that u'(ty) # 0. Since u is twice continuously differentiable
and u(tg) = xo, then by the inverse function theorem, there exists an open
set W containing xg and a unique continuously differentiable function g =
u~! on W such that

t=g(x), forallz € W.

Since g =u~! on W,

u(g(z)) =uwou t(z) =z

DEPARTMENT OF MATHEMATICS, KU, LAWRENCE, KS 66045

FE-mail address: slshao@math.ku.edu


mailto:slshao@math.ku.edu

