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1. # 11.6.1 

Proof. (a). The total derivative of f at (a, b) is � � 
3 −1 

Df(a, b) = . 
2 5 

By the inverse function theorem, � � 
1 5 1 

D(f−1)(a, b) = . 
17 −2 3 

(b). We compute (a, b) such that ( 
u + v = 0, 

sin u + cos v = 1. 

Then 
kπ kπ 

u = , v = − , k ∈ Z. 
2 2 

Then depending on where the pre-image of (0, 1) under f−1 , the total de-
rivative of f has 4 possibilities.� � � � 

1 1 0 1 
Df(2nπ, −2nπ) = ; the inverse is ;

1 0 1 −1 

and � � � � 
1 1 1 −1 

Df(2nπ + π/2, −2nπ − π/2) = ; the inverse is ;
0 1 0 1 

and � � � � 
1 1 0 −1 

Df(2nπ + π, −2nπ − π) = ; the inverse is ;−1 0 1 1 

and � � � � 
1 1 1 1 

Df(2nπ + 3π/2, −2nπ − 3π/2) = ; the inverse is .−1 0 0 −1 

� 
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2. # 11.6.2 

Proof. (a). Let F (x, y, z) = xyz + sin(x + y + z). Then 

∂F 
(0, 0, 0) = 1. 

∂z 

Then by the implicit function theorem, there exists an open set W ⊂ R2 

containing (0, 0), and a unique continuously differentiable function g on W 
such that 

z = g(t). 

p
2 2 2(b). Let F (x, y, z) = x + y + z + sin(x2 + y2) + 3z + 4 − 2. Then 

∂F 3 
(0, 0, 0) = . 

∂z 4 

Then by the implicit function theorem, there exists an open set W ⊂ R2 

containing (0, 0), and a uniquely differentiable function g on W such that 

z = g(t). 

� 

3. # 11.6.3 

Proof. Let f(u, v, w, x, y) = (f1, f2, f3)|(u,v,w,x,y) such that 

5 5 4f1 = u + xv 2 − y + w, f2 = v = yu 2 − x + w, f3 = w + y 5 − x 4 − 1. 

Then the partial Jacobian at (1, 1, −1, 1, 1) is 

44u 2xv 1 4 2 1
∂(f1, f2, f3) 

= 2yu 5v4 1 = 2 5 1 = −64. 
∂(u, v, w) 30 0 4w 0 0 −4 

Therefore by the implicit function theorem, there exists r > 0 such that 
on Br(1, 1) and a unique continuously differentiable function g such that 
g(x, y) = (u(x, y), v(x, y), w(x, y)) satisfying 

g(1, 1) = (1, 1, −1). 

� 
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4. # 11.6.7 

Proof. By the implicit function theorem, for j = 1, 2, · · · , n, there exists 
open sets Wj containing (a1, a2, · · · , an), an r > 0, and functions gj (uj ), C1 

on Wj , such that 

F (x1, · · · , xj−1, gj (uj ), xj+1, xj+1, · · · , xn) = 0 on Wj . 

We have n open sets {Wj }1≤j≤n. The open set Wj contains (a1, · · · , aj−1, aj+1, · · · , an). 
So there exists rk

j , 1 ≤ k ≤ n and k =6 j such that the Cartesian product 

j j j j j j j j 
1, a1+r )×· · ·×(aj−1−rj−1, aj−1+r j+1, aj+1+r ) · · ·×(an−r , an+r )(a1−r 1 j−1)×(aj+1−r j+1 n n 

kis contained in the ball Wj . For aj , we choose rj = min{a : 1 ≤ k ≤ n, k =6j 
j}. Then the Cartesian product 

(a1 − r1, a1 + r1) × · · · (aj−1 − rj−1) × (aj+1 + rj+1) × · · · × (an − rn, an + rn) 

contains a = (a1, · · · , aj , · · · , an). Therefore there exists Br(a) with r > 0 
such that if fixing aj , 

(x1, · · · , xj−1, aj , xj+1, xn) ∈ Br(a), ⇒ (x1, · · · , xj−1, xj+1, xn) ∈ Wj . 

∂F Since (a) 6= 0, we decrease the size of r such that on Br(a),∂xj 

∂F 
(x) 6= 0 for all x ∈ Br(a). 

∂xj 

We work on Br(a). For j = 1, on W1, 

∂F ∂F ∂g 
+ = 0. 

∂xn ∂x1 ∂xn 

Therefore 
∂F 

∂g ∂xn= − . 
∂xn 

∂F 
∂x1 

For 2 ≤ j ≤ n, 
∂F 

∂F ∂F ∂g ∂g ∂x1+ = 0, ⇒ = − 
∂x1 ∂x2 ∂x1 ∂x1 

∂F 
∂x2 

· · · , · · · 
∂F 

∂F ∂F ∂g ∂g ∂xj−1 + = 0, ⇒ = − 
∂F ∂xj−1 ∂xj ∂xj−1 ∂xj−1 ∂xj 

· · · , · · · 
∂F 

∂F ∂F ∂g ∂g ∂xn−1+ = 0, ⇒ = − . 
∂xn−1 ∂xn ∂xn−1 ∂xn−1 

∂F 
∂xn 
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Multiplying them together, we obtain 

∂g1 ∂g2 ∂gn · · · = (−1)n 

∂xn ∂x1 ∂xn−1 

for all x ∈ Br(a). This proves the claim. � 

5. # 11.6.10 

Proof. (a). We compute � � � � 
u0(t0) 0 

Df(t0) = 6= . 
v0(t0) 0 

Then either u0(t0) =6 0 or v0(t0) =6 0. 

(b). Suppose that u0(t0) =6 0. Since u is twice continuously differentiable 
and u(t0) = x0, then by the inverse function theorem, there exists an open 
set W containing x0 and a unique continuously differentiable function g = 
−1u on W such that 

t = g(x), for all x ∈ W. 

Since g = u−1 on W , 

u(g(x)) = u ◦ u −1(x) = x. 

� 
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