HOMEWORK 3

SHUANGLIN SHAO

1. P 278. # 8.1.2

Proof. a).By Cauchy-Schwarz,
I(a-b)ell = la- blllell < [[allllolle]l < 1.

Therefore
1+1+1
Joll < == =1,
Thus v € B.
b).

la-c=b-d|=|(a—d)-c+(c=b)-d[ < la—d|+[b—c].

c). By Cauchy-Schwarz, (iv) and (vi) in Theorem 8.9,
la- (bxc)| = |(axb) x| <llaxbfffle] <laxbl.

Thus
la x b||> = (a x a)(b x b) — (a x b)>.

Therefore

Via-(0x )l +lax b> < /[lal2[b]? < 1.

2. P 280. # 8.1.9

Proof. For each k,
az + b7
2
Since Y, a2 and Y b7 converges, >, aiby converges absolutely.

lagby| <

1



3. P286. # 8.2.4

Proof. a).
01 1
01 0
T(x,y,z,w) =0z +yz—zz+y+w)=| o o _;
00 0
b).
T(z,y,zw)=z—y+z=(1 -1 1)(z y
c).

4. P287. # 8.2.11

Proof. a). For all x € R" with ||z| =1,
[Tl < [[T[l{]l = 1IT1]-

Therefore
My < |7

b). Since T is linear, for any o € R,
oT(x) =T(ax).

Thus for = # 0,
T
H (33)” :T(i) < M,
[l ]l

since ||ﬁ|| =1

c). By the definition of operator norm,

T(z
I7T| = sup IT@I
a0 ||z
From (a),
My < ||T].
2
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So M, = |T|.

To prove that My = ||T'||, on the one hand, for any C' > 0 satisfying ||T'(z)|| <
Cll=l],
IT| < C.
Taking inf on the right hand,
1T < M.
On the other hand, By Theorem 8.17, ||T|| is finite and
1T ()| < [IT][[|])-

Therefore
My < ||T|.
So || T|| = M. O

5. P296. # 8.3.4

Proof. We skip graphing U. We know that F5 is an open set in R?. Therefore
U=FE Nk,

Therefore U is relatively open in E;. On the other hand, since F; is closed
in R?, U is relatively closed in R2. (]

6. P296. # 8.3.6

Proof. a). C is relatively closed in E: there exists a closed set B € R"
such that

C=ENB.

Since F is also closed, C' is closed. On the other hand, since C is closed and

CCE,
C=CnE.

Thus C is relatively closed in E.

b). C is relatively closed in E: there exists a closed set B € R,

C=EnNB.
So
E\N\C=FEn(C)=En(ENB)=EN(E°UB°) =ENB".
Since B is open, E \ C is relatively open in E. O
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7. P296. # 8.3.7

Proof. a). We prove it by contradiction. Suppose A U B is not connected.
There exist U and V, relatively open in A U B such that

UNnvV=0UuUV =AUB.

We divide the discussion into 3 cases.

Case 1. ANU # 0 and BNV # (). We consider Uy = ANU and
Vi = ANV. We show that A is separated by U; and V;. Firstly

UNnVi=ANU)N(ANV)=AnUNV) =0,
since UNV = 0.

Secondly, U is relatively open in A U B: there exists an open set G in R™
such that Uy = ANU =AN((AUB)NG) =AN(ANG) = ANG. Thus
U, is relatively open in A; similarly V7 is relatively open in A.

Thirdly Uy UVI = (ANU)U(ANV)=ANnUUV)=AN(AUB) = A.
Therefore A is separately by U; and Vi. Therefore A is not connected. A
contradicition.

Case 2. We may assume that ANU = (. Since AUB = U UV, then
intersecting both sides by U, (UNA)U(UNB) = U. Therefore UNB =U.
Therefore U is a subset of B. We consider Bj = BNV and B, = BNU.
Therefore firstly

BlLJBQ:Bﬂ(UmV):B.
Secondly by the proof of Case 1, By and B; are relatively open sets in V.
Since U = BN U is not empty, By # 0. If By = BNV # (), we see that B

is separately by B; and Bs. This is a contradiction to that B is connected.
The proof that By = () is deferred to the third section.

Case 3. BNV = () under the condition that ANU = (. Because AU B =
U UV, intersecting both sides by A, then

A=ANV.
Thus

ACV c B
Therefore

ANB=0.

This is a contradiction to that AN B # 0.

b). Suppose that E = UyE, is not connected. Then by the remark or
Theorem 8.38 following Remark 8.29, there exists a pair of open sets A and
4



B in R™ such that
ENA#0;ENB#0,EC AUB,ANB = 0.
By the first two conditions, there exist ag € A and By € B such that
EoyNA#0D,Eg NB#0.
Let Ey = E4y U Eg,. Then
EonA#0,EgN B # 0.

Since £ C AU B,
Ey C AUB.

So by Remark 8.29, Ej is not connected. On the other hand, E, N Eg, # 0,
and Eq,, Eg, are connected sets, then part a), Fy is connected. A contra-
diction. Therefore F is connected.

c). If A and B are connected in R, then by Theorem 8.30, A and B are
intervals: suppose that

A= [al,bl], B = [ag,bQ].
Suppose that A is to the left of B. Then since AN B # (),
ANB= [ag, bl].
This is an interval; by Theorem 8.30, AN B is an interval.
d). Let A:={(z,y): -1 <z <1,—|z| <y < |z|}, and B := {(z,y) :

-1 <2<1,-1<y<1}\{0}. Then A and B are connected sets by a
similar proof as in Remark 9.34. However

ANB={(z,y): ~1 <z <1,—|z| <y < |z} \ {0}
This set is not connected by using Remark 8.29, A = {(z,y) : * < 0} and
B ={(z,y) : x > 0}.

O

8. P296. # 8.3.8

Proof. a). Let A be an index set. If B, is open for each a € A, then U, B,
is open. On the other hand, if V' is open, for each x € V, there exists r > 0
such that B,.(z) C V. Then

U:EGVBQ =V
Here the index set is V.

b). Let B, =[,1—1]. Then

n
Unngn = (O, 1).
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So the conclusion in part a) fails if “open” is replaced by “closed.” O

9. P296. # 8.3.9

Proof. We know that FE is closed; E€ is open. For each a € E°, there exists
r >0,
B,(a) € E“.
So for any x € E, ||z —a|| > r > 0 since x is not in the ball B, (a). Therefore
inf ||z —al| >r>0.
z€eE

O
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