HOMEWORK 5

SHUANGLIN SHAO

Notation. When we write the metric p(z, a), we usually write it as |x —al.

1. # 10.2.3

Proof. “=". Let a be a cluster point for some F C X: for any % > 0,
B (a) contains infinitely many points. Choosing x,, # a such that

|zy, —a| < —.
n

Thus

lim x, = a.
n—oo

“e=”, If there exists x, € E C {a} such that lim,_, z, = a: for any
r > 0, there exists N € N such that for any n > N,

|zn —al <.

Therefore {z,, }n>n € Br(a). Therefore a is a cluster point for some E C X.

O

2. #10.2.8

Proof. If f, € Cla,b], fn, — f uniformly on [a,b]. Then f € C[a,b]. There-
fore for any € > 0, there exists N € N such that for n > N,

(@) = fz)] <€
for all = € [a,b]. Then

sup |fn(2) — f(z)] < e
z€[a,b]

Then p(fn, f) < €. Therefore lim, o f, = f in the metric of Cla,b]. The
converse direction follows from reversing the reasoning above. O
1



3. # 10.2.9

Proof. (a).  {x,} is bounded: {z,} contains a convergent subsequence
{zp, } converging to a € X. Since {z,, } € F and E is closed, then a € E.

(b). If f is bounded on E, for any n > N, there exists {z,,} € E such that

|f(@n)| > n.
By (a), there exists {z,, } € F such that z,, - a € FE,
Sending k — oo to obtain |f(a)| = co. A contradiction.
(c). From part (b), m = inf{f(z): 2 € E} and M = sup{f(z) : x € E}

exist. By the definition of the infimum and supremum, there exist {z,,} € E
and {y,} € E such that
m = lim f(z,), M= lim f(yn).
n—oo n—oo

By part (a) , there exist {z,,} and {y,,} such that z,, — x, and
Yn, — p- Then because f is continuous,

m= f(xm), M= f(xp).

4. # 10.3.5

Proof. The proof is similar to Exercise # 8.3.9 and hence is skipped. ([

5. # 10.3.8

Proof. “=. »” V is open in Y: for any = € V, there exists an open ball
By (z,7) with r > 0 such that z € By (z,r) C Y. Write

By(z,r)={yeY :|ly—z| <r}=Bx(z,r)NX,
where
Bx(z,r)={ye X :|ly—z| <r.}
Therefore
V' =Uzev By (z,7) = (Usev Bx(z,7)) N X = U N X,

where U is open in X.

“e=., ” For any z € V, z € U, there exists Bx(z,r) C U. Then

Bx(xz,r)NY = By(x,r) C V.
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Therefore V' is open in Y.

(b).

“=”, Let ECY. Fisclosed in Y. Then E° is open in Y. By part (b),
there exists U open in X,

Ec=UnNY.
This implies that
E=EnY=UnNnY)NnY =0°NY.
Let A =U° Then A is closed in X.
“e=.”Let E=ANY. Then £ CY. Therefore £¢ = A°UY*°. Therefore
E‘NY =A°NnY.
Therefore E°NY is open in Y. Since £ C Y, then FE is closed in Y. U

6. # 10.4.1

Proof. (a).  E is compact since E is bounded and closed. That E is
bounded is obvious. To prove that E is closed, let z, € F and z,, — a as
n — 0o, then a = 0 € E. Otherwise, if a > 0, then for large n, x,, = a. This
implies that

ac k.
The option that a < 0 is impossible because x, € E and x,, > 0.
(b). The set is bounded and closed. Hence it is compact.
(c). The set is not compact. If so, it should be closed. But taking
.
(Tny Yn) = (%,sm 2nm) — (0,0)

as n — oo. But (0,0) does no belong to the set.

(d). It is not compact because it is not bounded; if |xy| < 1, z can be
arbitrarily large. O

7. # 10.4.3

Proof. The proof is skipped. U



8. # 10.4.5

Proof. R is a separable metric space. Let V' be an open set in R. Let
V= UjENBj7

where B; are open balls in R such that B; = {z : |z — z;| < r;} = (z; —
rj,xj + ;) is an open interval. O

9. # 10.4.7

Proof. If A and B are compact subsets of X, and X has the Bolzano-
Weierstrass property. Then A and B are closed and bounded. If x € A,y €
B,

p(z,y) > dist(z, B) = inf{p(x,2) : z € B}.
Let f(x) = dist(x, B). Since B is closed, f(x) > 0 for z € A. We claim that
f is continuous on A.

Fory € B, x1,20 € A,

Ip(z1,y) — p(22,9)| < p(1, 22).
Then
p(2,y) < p(x2,y) + p(z1,22)
which implies
f(z1) < p(z2,y) + p(x1, z2) for all y.

Then

f(z1) < f(x2) + pla1, 22).
Similarly

fx2) < fla1) + p(z1, 22).
So together we have

|f(x1) = f(z2)| < p(21, 22).

Therefore f is continuous on A. Since A is compact, by the extreme value
theorem,

f(zo) =inf{f(z): x € A}
exists for some zg € A. Therefore
plz,y) = f(z) = fzo) >0
for all z € A and y € B. Then
inf{p(z,y): xe€AyeB}> f(xg) >0.

This implies that
dist(A, B) > f(zg) > 0.
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A counterexample if boundedness is dropped. Let A = {(z,1) :
x>0} and B={(z,y): y=1j5,7 > 0}. Then both A and B are closed
sets. To prove that B is closed: suppose that (2, yn) — (o, y0). Then

T, — xo, and y, — Yo

as n goes to infinity. Since y, = then as n goes to infinity,

Tn
1+xy?
Zo

1—&—3}0'

Yo =

10. # 10.4.8

Proof. (a). Since {Hp}n>1 is a nested intervals and H; # (), we prove by
contradiction that Ny,>1Hy, # 0. Otherwise if N>1 Hy, = 0, then

X = U>1 Hj.
Then Hy C Ug>1H, this implies that
Hy C Up>oHj,.
Then by compactness of Hj, there exists N € N such that
Hy C UYL Hf, = H,.
Thus
Hy, N H, =0.
On the other hand, by the nested property of {H;}i>1, we have
HyN Hy, = Hy,, # 0.

A contradiction is obtained.

(b). (v/2,4/3)NQ is bounded. Next we prove that it is closed. Let
€ (V2,V/3)NQ, and r, = a € Q.
By the limit comparison theorem,
V2<a<Vi.

Since a € Q,

V2 <a< V3,
which implies that
a€(V2,V3)nQ.
Therefore QN (v/2,1/3) is bounded and closed. But it is not compact in the
metric of Q. Let {a,}n>1 € (V2,V3) N Q satisfying 711 < rg < -+ <1, <
-+ . Let 1o = 0. Let R; = min{w, %} for 7 > 1. Then firstly

(\/5, \/§) N Q C UjZlB(’f’j, R])
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Secondly, we prove that the balls are disjoint. Suppose that j < k, B(r;, Rj)N
B(Tk,Rk) = (. If not, let z € B(’I“j,Rj) N B(rk,Rk). Then x € B(Tj,Rj)
implies that
T4l —Tj T

2 2

’$‘<7’j+Rj§7"j+

and = € B(r;Ry) implies that

Tk —Thk—1 Tk + Tk
2| > g — R > 1 — 5 = 5 )

Since k > j, then £ — 1 > j. Then
Tk + Tk—1 S T+ Tj_l‘
2 - 2

Then
|| > [x].
A contradiction. This shows that the balls are disjoint.

If (v/2,v/3) N Q is compact, then there exists N € N such that
(V2,V3)NQ C Up>1B(rj,, Rj,)-
Since the balls are disjoint, there exists r € (v/2,v/3) N Q such that
r & Uiy B(ry, Rj,).

(c). For ke N,
Hi=(V3- 1 V3+1)NQ.
By part (b), Hy is closed and bounded for each k, and {Hy} is nested,
HyCH,C---CH,C

If Cantor’s nested property holds for nonempty, nested, closed and bounded
sets, then

ez Hi # 0.
On the one hand,

N Hi = {\@}

On the other hand,

N H C Q.
A contradiction is obtained. Therefore the claim in (c) holds.
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