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HOMEWORK 7 

SHUANGLIN SHAO 

1. # 11.1.2 

Proof. a). For (x, y) 6= (0, 0), 

34x −2x 
fx(x, y) = + (x 4 + y 4)

2 2x2 + y x2 + y 
3 42x5 + 4x y2 − 2xy 

= 
2)2 ,

(x2 + y 

and 

f(h, 0) − f(0, 0)
fx(0, 0) = lim = 0. 

h→0 h 

For (x, y) 6= (0, 0), 

4x3y2 2x(x4 − y4)|fx(x, y)| ≤ + ≤ 4|x| + 2|x| ≤ 6|x|. 
(x2 + y2)2 (x2 − y2)2 

Therefore lim(x,y)→(0,0) fx(x, y) = 0 = fx(0, 0). 

b). For (x, y) 6= (0, 0), 

24x3 + 8xy
fx(x, y) = p , 

3 4 (x2 + y2)3 

and 

fx(0, 0) = 0. 

For (x, y) 6= (0, 0), 

2 28|x|(x + y2) 8|x|(x + y2) 8 |fx(x, y)| ≤ ≤ ≤ |x|1/3 

3(x2 + y2)4/3 3(x2 + y2)1/3(x2 + y2) 3 

2 2since x + y2 ≥ x . Therefore lim(x,y)→(0,0) fx(x, y) = 0 = fx(0, 0). � 
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2. # 11.1.4 

Proof. The function g is integrable and hence it is bounded: there exists 
M > 0 such that 

|g(x)| ≤ M. 

We need to prove that for y0 ∈ [c, d], 

lim F (y) = F (y0). 
y→y0 

The function F is continuous on H = [a, b] × [c, d] and so it is uniformly 
continuous on H. For any � > 0, there exists δ > 0 such that for |(x1, y1) − 
(x2, y2)| < δ and (xi, yi) ∈ H for i = 1, 2, 

|F (x1, y1) − F (x2, y2)| < �/M(|b − a| + 1). 

For |y − y0| < δ, Z b Z b Z b 

g(x)f(x, y)dx − g(x)f(x, y0)dx ≤ |g(x)| |f(x, y) − f(x, y0)| dx 
a a a 

M |b − a|
< � 

M |b − a| + 1 
< �, 

which implies that f is uniformly continuous on H. � 

3. # 11.1.5 

Proof. For this exercise, we apply Theorem 11.4 and Theorem 11.5. 

x y2+x(a). The function e 
3 

is continuous on H = [0, 1] × [0, 1]. Therefore Z 1 Z 1 
x ylim e 
3 2+xdx = e xdx = e x|01 = e − 1. 

y→0 0 0 

x 3(b).The function sin(e y−y +π−ex) is continuous on H = [0, 1]×[0, 1] and � �
d x 3 x 3the derivative dy sin(e y − y + π − ex) = cos(e y − y +π −ex)(ex −3y2). 

Therefore at y = 1, Z 1d x 3sin(e y − y + π − e x)dx 
dy 0Z 1 d x 3 = sin(e y − y + π − e x)dx 

dy0 

= cos(π − 1)(e − 4). 

(c). The computation is similar as in (b). � 
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4. # 11.2.2 

Proof. In Rm , for x, a ∈ Rm , for f : R → Rm , 

lim kf(x)k = k lim f(x)k. 
x→a x→a 

This is because taking norm in Rm is taking squares of a vector in Rm , and 
then does inverting-squares. Since f(a) = g(a) = 0, 

f(x) − f(a) 

X 

kx − ak 
lim 
x→a g(x) − g(a) 

kx − ak 
�(x − a) x − a 

X 

+ Df(a)
kx − ak kx − ak 

= lim . 
x→a �(x − a) x − a 

+ Dg(a)
kx − ak kx − ak 

Since f and g are from R to Rm , then 

Df(a) = (u1, u2, · · · , um), Dg(a) = (v1, v2, · · · , vm). 
�(x−a)Also write as (w1, · · · , wm). Thenkx−ak 

m m 
vuut 

2�(x − a) x − a x − a |wi|2 ++ Df(a) = ui . 
kx − ak kx − ak kx − ak 

i=1 i=1 

�(x − a)
Since limx→a = 0,

kx − ak 

X 

X 

X 

m 

lim |wi|2 = 0. 
x→a 

i=1 

Then by the limit theorem, as x → a, the right hand side equals 

m m 
vuut 

vuut 
2 2 x − a x − a 

lim lim |ui| × = kDf(a)k,
kx − ak 

ui = 
kx − akx→a x→a 

i=1 i=1 

since |x − a| = kx − ak on R. This establish the claim 

f(x) − f(a) 

lim 
kx − ak 

= 
kDf(a)k 

. 
x→a g(x) − g(a) kDg(a)k 

kx − ak 
� 
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5. # 11.2.3 

Proof. The derivative does not exist. Suppose it exists. Then the total 
derivative of f at (0, 0) is 

∂f ∂f 
Df(0, 0) = ( (0, 0), (0, 0)) = (0, 0). 

∂x ∂y 

Therefore for h ∈ R2 satisfying that h1 > 0 and h2 = kh1 with h1 > 0, 
√ √ 

f(h) − f(0) − Df(0, 0) · h h1h2 k p = p = √ . 
h21 + h2 h21 + h2 1 + k2 

2 2 

This depends on the values of k. So the derivative of f does not exist. � 

6. # 11.2.4 

Proof. To compute the partial derivative, 

h2 − 0∂f sin |h| h 
(0, 0) = lim = lim . 

∂x h→0 h h→0 sin |h| 
sin hSince limh→0 h = 1. For h > 0, the limiting value is 1; for h < 0, the 

limiting value is −1. So the partial derivative of f does not exist. Therefore 
the total derivative of f does not exist at (0, 0). � 

7. # 11.2.5 

Proof. We compute that, for (x, y) 6= (0, 0), 

2 4∂f 4x3(x + y2) − 2αx(x + y4)
(x, y) = ,

2)α+1∂x (x2 + y 

and 
2 4∂f 4y3(x + y2) − 2αy(x + y4)

(x, y) = .
2 + y2)α+1∂y (x 

These two partial derivatives are continuous at all (x, y) ∈ R2 \ (0, 0). 

At (0, 0), 
h4−2α∂f 

(0, 0) = lim = 0,
∂x h→0 h 

and 
k4−2α − 0∂f 

(0, 0) = lim = 0. 
∂y k→0 k 
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4We prove that the partial derivatives are continuous at (0, 0). Since x +y4 ≥ 
2 2)2(x +y 
2 , 

∂f 
(x, y)

∂x 
4|x|3 

2 2)1−α ≤ C|x|3−2α≤ + 2α|x|(x + y
(x2 + y2)2 

3for all 1 ≤ α < 2 . 

For all 0 ≤ α < 1, 

∂f 2(x, y) ≤ C|x|3−2α + 2α|x|(x + y 2)1−α ,
∂x 

which goes to zero as (x, y) → (0, 0). 

For all α < 0, 

∂f 2 2(x, y) ≤ 4|x|(x + y 2)−α + 2α|x|(x + y 2)1−α ,
∂x 

which goes to zero as (x, y) → (0, 0). Then the partial derivatives are 
continuous at (0, 0). 

Therefore by Theorem 11.15, f is differentiable on R2 . � 

8. # 11.2.8 

Proof. For T ∈ L(Rn , Rm), let 

f(x) = T x. 

We write x ∈ Rn as a column vector. Then we compute 

�(h) = f(a + h) − f(a) − Th = T (a + h) − Ta − Th = 0. 

�(h)
Therefore → 0 as h → 0. � 

khk 

9. # 11.2.11 

Proof. (a). For a, b, h, define 
r 

F (h) := f(a + h, b + h) − f(a + h, b), for |h| < √ . 
2 

Then by the mean value theorem, there exists t = t(a, b, h), 

F (h) − F (0) = F 0(t)h. 

This implies that 

Δ(h) 
= fy(a + h, b + th) − fy(a, b + th). 

h 
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Therefore by adding terms and subtracting terms, the claim is established 
since 

rfy(a, b) = (fyx(a, b), fyy(a, b)), rfy(a, b)·(h, th)−rfy(a, b)·(0, th) = hfyx(a, b). 

(b). Let 

�1(h) = fy(a+h, b+th)−fy(a, b)−rfy(a, b)·(h, th), for 0 < |h| < r, �1(0) = 0. 

For h > 0, we write 
√ 

�1(h) fy(a + h, b + th) − fy(a, b) −rfy(a, b)(h, th) 1 + t2h 
= √ × 

h 1 + t2h h 

fy(a + h, b + th) − fy(a, b) −rfy(a, b)(h, th)≤ √ 
1 + t2h 

Let h → 0, since fy is differentiable at (a, b), it equals 0.Then 

�1(h)
lim = 0. 

h→0+ h 

Similarly define 

�2(h) = fy(a, b + th) − fy(a, b) −rfy(a, b) · (0, th), for 0 < |h| < r, �1(0) = 0. 

For h > 0, we write 

�2(h) fy(a, b + th) − fy(a, b) −rfy(a, b)(0, th) th 
= × 

h th h 

fy(a, b + th) − fy(a, b) −rfy(a, b)(0, th)≤ 
th 

Let h → 0, since fy is differentiable at (a, b), so it equals 0. Therefore 

�2(h)
lim = 0. 

h→0+ h 

These two limits imply 

Δ(h)
lim = fyx(a, b). 

h→0+ h2 

Similarly 
Δ(h)

lim = fyx(a, b). 
h→0− h2 

So 
Δ(h)

lim = fyx(a, b). 
h→0 h2 

(c). Similarly the argument in (a) and (b) implies that 

Δ(h)
lim 
h→0 h2 = fxy(a, b). 
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Then 
fxy(a, b) = fyx(a, b). 

� 
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