HOMEWORK 7

SHUANGLIN SHAO

1. # 11.1.2
Proof. a). For (z,y) # (0,0),
423 4 4 —2z
fo(z,y) = m‘*‘(m +y )x2+y2
_ 225 + dady? — 2y
= (22 + 42)2 ’
and
T ) == l == U.
12(0.0) B0 h 0
For (z,y) # (0,0),
AgB302 9p(2d — ot
folap) € o 4 V) < a4 2] < 6o,

@2+ g2 | (22— 22
Therefore lim, ,y_(0,0) fz(z,y) = 0 = £2(0,0).

b). For (z,y) # (0,0),

43 + 8xyy?
fx(l‘;y) = 4—ya
3¢/(@ + 73
and
f2(0,0) = 0.

For (z,y) # (0,0),

Sol(a® +9) _ Salat eyt _ 8 g
3(22 + y2)43 = 3(22 + y2) 1B (22 + 42)

| fo(z,y)| <

since 2 + y? > 2%. Therefore lim g y)—(0,0) fz(2,9) = 0 = f(0,0).
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2. # 11.1.4

Proof. The function g is integrable and hence it is bounded: there exists
M > 0 such that
lg(z)| < M.

We need to prove that for yo € [c, d],
lim F(y) = F(yo).

Y—Yo

The function F' is continuous on H = [a,b] X [¢,d] and so it is uniformly
continuous on H. For any € > 0, there exists § > 0 such that for |(x1,y1) —
(x2,y2)| < 6 and (x;,y;) € H for i = 1,2,

’F(xlvyl) - F(IL’Q,ZQQ)‘ < 6/]\4'(|b - CL’ + 1)
For |y — yo| <4,

b b b
/ o) f (2, y)dz — / 9(2) (. yo)dz < / 19 1 (@,9) — f(x,p0)| da

M|b— al
Mb—al+1°
<€,
which implies that f is uniformly continuous on H. ]

3. # 11.1.5

Proof. For this exercise, we apply Theorem 11.4 and Theorem 11.5.
(a). The function e*"¥**7 is continuous on H = [0,1] x [0, 1]. Therefore

1 1
. 3,2
lim [ Y dy = | e"dr =e"|f =e— 1.

(b).The function sin(e®y—y3+m —e?®) is continuous on H = [0, 1] x [0, 1] and
the derivative % (sin(e®y — y + 7 — %)) = cos(e®y —y> + 7 —e”)(e” — 3y?).
Therefore at y = 1,
d 1
dy Jo
1 d 3
= — sin(e®y —y° + 7 — e”)dx
/0 dy
= cos(m — 1)(e — 4).

sin(e®y — y° + 7 — %)dx

(c). The computation is similar as in (b). O
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4. # 11.2.2

Proof. In R™, for x,a € R™, for f: R —» R™,
tim /()] = || lim £ (2)].

This is because taking norm in R™ is taking squares of a vector in R*, and
then does inverting-squares. Since f(a) = g(a) = 0,

f(@) — F(a)
el
)~ g(a)
lo ]
€||(;_(Z|)+Df(“)n$ 7l
= lim
o €||($—_ u) + Dol gy

Since f and g are from R to R™, then
Df(a):(u17u2a"' aum)a Dg(a):(vlvv%"' 7Um)'

Also write H as (wy,- - ,wy). Then
e(x —a) r—a - - r—a °
— +Df(a);—— = lw;|* + Uj— .
e —al CEr R POl IR IR e
e(x —a)

Since lim,_,

0,

EE

m
lim Z lw;|? = 0.
Tr—a

1=1

Then by the limit theorem, as * — a, the right hand side equals

m 2 m 2
T —a r—a
li = | i | X T =D
2 ey TR e = 1PN
since |x — a| = ||z — a|| on R. This establish the claim
f(x) = f(a)
— D
o el _ D@
a=a g(x) —g(a)  [[Dg(a)ll
[l — all



5. # 11.2.3

Proof. The derivative does not exist. Suppose it exists. Then the total
derivative of f at (0,0) is

D7 (0,0) = (50,0, 320,0) = 0.0)

Therefore for h € R2 satisfying that h; > 0 and he = khy with h; > 0,
f(h) = f(0) = Df(0,0)-h _ Vhhy _ Vk
Vh2+h3 VhI+h  V1I+E2

This depends on the values of k. So the derivative of f does not exist. [

6. # 11.2.4

Proof. To compute the partial derivative,

h?
2= —0 h
97 0,0) = tim "y P
Ox h—0 h h—0 sin | A

Since limy,_,q Sigh = 1. For h > 0, the limiting value is 1; for h < 0, the
limiting value is —1. So the partial derivative of f does not exist. Therefore
the total derivative of f does not exist at (0, 0). O

7. # 11.2.5

Proof. We compute that, for (z,y) # (0,0),

g(x - 423 (22 +9?) — 20z (z* + y?)
oz DY) = (22 1 y2)o+1 ;
and

of 43 (2 + ) — 20y (2 + y*)

@(z’y) = (22 1 y2)o+1 :

These two partial derivatives are continuous at all (z,y) € R?\ (0,0).

At (0,0),
8f . h472a
5:(0.0) = fim = =0
and
of k2 g
- =lim ——— = 0.
gy (00) = fim — 0
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We prove that the partial derivatives are continuous at (0,0). Since z*4y* >
(x2+y2)2
2

)

of Azl —a —2a
%(az,y) < s + 2a)z| (2 + yH) 7 < Oz P2

foralll§a<%.

Forall 0 < a <1,

2 (w9) < OB 4 2alela + ),

which goes to zero as (z,y) — (0,0).

For all o < 0,

9 —a —a
O (w) < (e + 7)™ + 20fal(@? + 7)1,

which goes to zero as (z,y) — (0,0). Then the partial derivatives are
continuous at (0, 0).

Therefore by Theorem 11.15, f is differentiable on R2. ([

8. # 11.2.8

Proof. For T € L(R™,R™), let
f(z) =Tx.
We write x € R™ as a column vector. Then we compute
e(h) = f(a+h) — f(a)—Th=T(a+h) —Ta—Th=0.

h
Therefore 6”(}1”) —0as h—0. O

9. # 11.2.11

Proof. (a). For a,b, h, define
r
Fh) = fla+h,b+h)— f(a+ h,b), for |h| < —.
(h) == f( )= f( ) || 7
Then by the mean value theorem, there exists t = t(a, b, h),
F(h) — F(0) = F'(t)h.
This implies that
A(h
AR) = fyla+ h,b+th) — fy(a,b+th).

h
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Therefore by adding terms and subtracting terms, the claim is established
since

ny(a, b) - (f?ﬂ(a? b)? fyy(a/7 b)),ny(a, b)-(h,th)—ny(a, b)'(ovth) - hfyfﬁ(avb)'

(b). Let
e1(h) = fy(a+h, b+th)—fy(a,b)=V fy(a,b)-(h,th), for 0 < |h| < r,€1(0) = 0.

For h > 0, we write

er(h)  fyla+h,b+th)— fy(a,b) — V fy(a,b)(h,th) y V14 t2h
h V1+12h h
< fyla+h,b+th) — fy(a,b) — V fy(a,b)(h,th)
- V1+£h
Let h — 0, since f, is differentiable at (a, b), it equals 0.Then
e1(h)
h—0t h

=0.

Similarly define
ea(h) = fyla,b+th) — fy(a,b) =V fy(a,b)-(0,th), for 0 < |h| < r,€1(0) = 0.
For h > 0, we write

ea(h) _ fy(a,b+th) — fy(a,b) — V fy(a,b)(0,th) " th

h th h
< fy(aa b+ th) — fy(a> b) — ny((l, b)(ov th)
- th
Let h — 0, since f, is differentiable at (a, b), so it equals 0. Therefore
im 20 _ g
h—0t+ h

These two limits imply

li = Jyz\Q,
hoot  h? fye(a,)
Similarly
. A(h)
hlgtr)l* h2 fye(a;0)
So A

(c). Similarly the argument in (a) and (b) implies that

. A(R)
}Lli% Rz T fay(a,b).
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Then
fay(a,b) = fya(a,b).
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