HOMEWORK 8

SHUANGLIN SHAO

1. # 11.3.1

Proof. (a). For f(x,y) =z —y, and g(z,y) = x> + 1,
Df(z,y) = (1,-1), and Dg(z,y) = (2z, 2y).
Then
D(f +9)(z,y) = Df(z,y) + Dg(z,y) = 2z + 1,2y — 1);
and

D(f-g)(z,y) = gDf(z,y)+ fDg(z,y) = (32° +y* — 2zy, —2° + 22y — 3y*).

(b).
Df(z,y) = (y,x), and Dg(x,y) = (sinx — x cosz, —siny).
Then at (z,y),
D(f+g)(z,y) = (y +sinz — xcosz,r — siny);
and

D(f-g)(x,y) = gDf(x,y) + fDg(x,y)

= (2zysinz — ycosy — x2y cos x, 2

sinz — zysiny — x cosy).

O

2. # 11.3.2

Proof. (a). The gradient of f at (1,—1) is

of 0
vi=L, 8*;3 —(2.-2).

Then the tangent plane is

20 — 2y — 2= 2.
1



(b). The gradient of f at (1,1) is

Vf:(af of

oz’ dy
Then the tangent plane is

)=

20— 2y — z =

(2,-2).

0.

3. # 11.4.1

Proof. For w = F(f,g,h), then
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4. # 11.4.4

Proof. For u = f(xy),

Then

For v(z,y) = f(x —y) + g(z + y),

v 0%
o op ~ T

(f"+4")=0.



5. 4 11.4.6

Proof. For u(r,0) = f(rcosf,rsin@), then

ou Of of .
5 = Bg cos 6 + 3y sin 6,
Pu _ 0*f ) 0%f 2 o f
u _0°f ot . 9 .
52 = D42 (cos )" + 052 (sin®)” + 010y sin 6 cos 6,
2 2 2 2
ZOZ =72 (gaz]; (sin 0)* + gy‘];(cos 0)? — Qaigy sin 6 cos 9> - rg‘gi cosf — 7’2‘5 sin 6.
Then since % + giyév =0,
2002  ror  or2
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6. # 11.4.10
Proof. For allt € I,
r? = £ ().
Differentiating f in ¢, then
2 fu®)fii(t) = 0.
k=1
Then f(t) is orthogonal to f'(t). O
7. # 11.4.11

Proof. (a). The directional derivative D, f is defined,
D, f(a) := lim flattu) = f(a).
t—0 t
Write g(t) = a + tu. Then h(t) = f(g(t)) = f(a + tu) and h(0) = f(a). his
differentiable at ¢ = 0. Therefore
fla+tu) = fla) _

P t =l =)
Then
W(0) = Df(9(0))g(0) = V f(a) - u.
(b). By (a),

D.f(a) = Vf(a) - u= |V (a)l| cose,
3



where 6 is the angle between V f(a) and u.

(c). By (b), when 6 =0,
Duf(a) = [V f(a)]-
It is known that when 6 € [0, 7/2],
0 < Dyf(a) < [IVf(a)ll.

Therefore the maximum of D, f(a) is [|[Vf(a)||, which occurs when u is
parallel to V f(a). O
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